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Abstract

We discuss a variational approach that leads to a symmetric boundary element
formulation suitable for multi-material and crack interface problems in hetero-
geneous domains arranged as assemblies of homogeneous subdomains. The varia-
tional principle is based on a Lagrangian functional comprising the system’s poten-
tial energy augmented by the side imposition of the classical integral representa-
tion of the interior solution within each homogeneous subdomain. Any applied
boundary tractions and all interface traction continuity conditions are automat-
ically satisfied by the variational principle. Following a single condensation of
the subdomain boundary tractions and the Lagrange multipliers, the boundary and
interface displacements are left as the only unknowns. Upon discretization, there
results a block-sparse system, with each block representing a single homogeneous
subdomain (or part thereof). We validate the variational approach via numerical
experiments entailing cracks at single and bi-material interfaces.
Keywords: Multi-material interfaces; cracks; domain decomposition; boundary
integral equations; symmetric boundary element method

1 Introduction

The Mixed Boundary Element Method (MBEM) discussed herein is a methodol-
ogy that combines the direct and indirect boundary element methods together with
domain decomposition ideas to arrive at a fairly flexible approach for handling a



variety of interface problems in engineering, while bypassing the need to resolve
hypersingular operators. The method discussed herein draws from earlier work by
Bielak and his collaborators [1, 2, 3, 4, 5].

2 Variational Principle

2.1 Statement of problem

Consider a multiply-connected region Ω bounded by Γ (Fig. 1a). Let Ω consist of
N homogeneous subdomains Ωi, i.e., Ω =

∪
Ωi, i = 1 . . . N . Each of the homo-

geneous subdomains is occupied by a linear isotropic elastic solid characterized
by the Lamé parameters λi and µi. The entire assembly is constrained along the
Γu part of the boundary, and is subjected to tractions on the Γt part of its boundary
(Fig. 1b), with Γu ∩ Γt = 0 and Γu ∪ Γt = Γ. Let ui denote the displacement
vector within the i-th subdomain, and Û and T̂ the prescribed boundary displace-
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Figure 1: Domain and subdomain notation

ments and tractions on Γu and Γt, respectively. Then, the boundary-value problem
consists of finding ui (∀i) such that

µi∇ · ∇ui + (λi + µi) ∇(∇ · ui) = 0 in Ωi, (1)

ti = T̂ on Γi ∩ Γt, (2)

ui = Û on Γi ∩ Γu, (3)

ui = uj on Γi ∩ Γj , (4)

ti = −tj on Γi ∩ Γj , (5)

where subscripts (and superscripts) i and j denote the i-th and j-th subdomain,
respectively, and ti is the traction vector, defined as:

ti = σini, (6)



with σi denoting the stress tensor within each subdomain. The following constitu-
tive law and kinematic condition also hold:

σi = λi I tr(Ei) + 2µiEi, (7)

Ei =
1

2

[
∇ui + (∇ui)T

]
, (8)

where Ei is the strain tensor within each subdomain, and ni denotes the normal
outward vector on the subdomain’s boundary. In other words, (1) is the Navier
equation within each subdomain, (2) and (3) are the i-th subdomain’s boundary
conditions, and (4) and (5) are interface continuity conditions.

2.2 Variational Formulation

We now proceed to establish the variational form of the problem. We construct
first an appropriate functional, and then proceed to show that the vanishing of its
first variation recovers equations (1)− (5). We start with the total potential energy
of the elastic system:

Π =
1

2

N∑
i=1

∫
Ωi

{
λi(∇ · ui)

2
+ 2µi(∇ui)2

}
dΩi −

N∑
i=1

∫
Γi

ui · T̂ dΓi (9)

In the following, the Dirichlet condition (3) will be imposed explicitly. Integrating
(9) by parts, yields:

Π =
1

2

N∑
i=1

∫
Ωi

{
λi∇ ·

[
(∇ · ui)ui

]
− λi

[
∇(∇ · ui)

]
· ui

}
dΩi

+

N∑
i=1

∫
Ωi

µi

{
∇ ·

[
(∇ui) · ui

]
−

[
∇ · (∇ui)

]
· ui

}
dΩi

−
N∑
i=1

∫
Γi

ui · T̂ dΓi. (10)

Using the divergence theorem, Π becomes:

Π =
1

2

N∑
i=1

∫
Γi

[
λ(∇ · ui)ui + 2µiEi · ui

]
· ni dΓi −

1

2

N∑
i=1

∫
Ωi

[
λ∇(∇ · ui) + 2µi∇ · Ei

]
· ui dΩi −

N∑
i=1

∫
Γi

ui · T̂ . (11)

For the time being, let us assume that the governing equation (1) is satisfied; then,
(11) reduces to:

Π =

N∑
i=1

1

2

∫
Γi

ti · uidΓi −
n∑

i=1

∫
Γi

ui · T̂ dΓi (12)



To actually ensure that (1) holds, we make use of the following direct representa-
tion:

ui(x) = Si

[
ti
]
(x)−Di

[
ui

]
(x), in Ωi i = 1, 2, . . . , N (13)

where x is a point interior to Ωi, and Si and Di represent single and double layers,
respectively:

Si

[
ti
]
(x) =

N∑
j=1

∫
Γj

UT
ij(x,y) · tj(y) dΓj(y) (14)

Di

[
ui

]
(x) =

N∑
j=1

∫
Γj

∂UT
ij(x,y)

∂ny
· uj(y) dΓj(y)

=

N∑
j=1

∫
Γj

T T
ij(x,y) · uj(y) dΓj(y). (15)

In the above, U ij is the Green’s function corresponding to equation (1). For two-
dimensional problems it can be written as:

U ij(x,y) = C1

(
C2 δij ln r − ri · rj

r2

)
, (16)

with the corresponding T ij :

T ij(x,y) =

(
C3

r2

)[
C4(njri − nirj) +

(
C4δij +

2rirj
r2

)
rini

]
. (17)

In the above, the coefficients C1 through C4 are given as:

C1 = − 1

8πµ(1− ν)
, C2 = 3− 4ν, C3 = − 1

4π(1− ν)
, C4 = 1− 2ν.

Similarly, for three-dimensional problems:

U ij(x,y) = C1
1

r

(
C2δij +

ri · rj
r2

)
, (18)

T ij(x,y) =

(
C3

r2

)[
C4

(njri
r

− nirj
r

)
+

(
C4δij +

3rirj
r2

)
rini
r

]
(19)

with

C1 = − 1

16πµ(1− ν)
, C2 = 3− 4ν, C3 = − 1

8π(1− ν)
, C4 = 1− 2ν.

In (16)-(19), i, j = 1, . . . , d, where d is the problem’s dimensionality, and ni
denotes the normal vector’s component along the i-th cartesian direction. In addi-
tion,

ri = xi − yi, r2 = ri · ri, i = 1, . . . , d.



When x is on the boundary Γi, one has the following well-known jump relations
on Γi for smooth Γi (i = 1, . . . , N ):

Si[ϕ]
±(x) = Si[ϕ](x), (20)

Di[ϕ]
±(x) = ∓1

2
ϕ(x) +Di[ϕ](x), (21)

∂

∂nx
Si[ϕ]

±(x) = ±1

2
ϕ(x) +N i[ϕ](x), (22)

where the superscript on a layer such as Si denotes the limit as x approaches a
point on Γi from the interior. The Si, Di, and N i are integral operators on Γi

satisfying the following symmetry relations:∫
Γi

Si[ϕ](x)ψ(x) dΓi =

∫
Γi

Si[ψ](x)ϕ(x) dΓi, (23)∫
Γi

Di[ϕ](x)ψ(x) dΓi =

∫
Γi

N i[ψ](x)ϕ(x) dΓi. (24)

That is, Si is self-adjoint, and Di and ni are adjoint. Moreover, Si has a weak
singularity, Di is continuous in R2, and has an integrable singularity in R3. From
equations (13) and (20)-(22) it follows that:

1

2
ui(x) = Si

[
ti
]
(x)−Di

[
ui

]
(x) on Γi. (25)

The satisfaction of (25) ensures that (1) holds automatically. Thus, next, we modify
the functional Π of (12) by introducing (25) as a side condition with the aid of
Lagrange multipliers ϕi. There results,

Π =

N∑
i=1

{
1

2

∫
Γi

ti · uidΓi −
∫
Γi

ui · T̂ dΓi+

1

2

∫
Γi

(
1

2
ui − Si

[
ti
]
+Di

[
ui

])
· ϕi dΓi

}
(26)

As it will be seen, the Lagrange multiplier ϕi represents the density of the single-
layer for the i-th subdomain. Equation (26) serves as the basis for our variational
principle for the elasticity problem defined by equation (1)-(5). The first variation
of the functional Π can be written as follows:

δΠ =
N∑
i=1

1

2

∫
Γi

(
ui − Si

[
ϕi

])
· δti dΓi +

N∑
i=1

1

2

∫
Γi

(
1

2
ui − Si

[
ti
]
+Di

[
ui

])
· δϕi dΓi +



N∑
i=1

∫
Γi

1

2

{(
ti +

1

2
ϕi +N i

[
ϕi

])
− T̂

}
· δui dΓi. (27)

In writing (27), use was made of the self-adjointness of Si.
Up to now, no requirements have been imposed on the admissibility of ui, ti,

and ϕi. We will now require that the continuity of u throughout Ω be imposed
as an essential condition, and that (3) be satisfied explicitly. This means that, by
construction, ui will be equal to uj (and hence δui = δuj) on Γi ∩Γj , and it will
be equal to Û on Γu ∩Γi. On the other hand, ti and ϕi will remain unconstrained,
and thus, ti, tj , ϕi, and ϕj , can be varied independently. Hence by setting δΠ to
zero for arbitrary δui, δti, and δϕi subject to the constraint δui = δuj on Γi∩Γj ,
(27) yields:

ui = Si

[
ϕi

]
, on Γi, (28)

1

2
ui − Si

[
ti
]
+Di

[
ui

]
= 0, on Γi, (29)

ti +
1

2
ϕi +N i

[
ϕi

]
+ tj +

1

2
ϕj +N j

[
ϕj

]
= 0, on Γi ∩ Γj , (30)

1

2

(
ti +

1

2
ϕi +N i

[
ϕi

])
− T̂ = 0, on Γi ∩ Γ, (31)

Equation (28) suggests that the displacement ui within the subdomain Ωi can be
expressed in terms of a single-layer ϕi, i.e.

ui = Si

[
ϕi

]
, in Ωi. (32)

Then, one can prove that

ti(x) =
1

2
ϕi(x) +N i

[
ϕi

]
(x), on Γi. (33)

Therefore, one has

ti = −tj , on Γi ∩ Γj , ti = T̂ , on Γi ∩ Γ. (34)

With this, we have shown that if the first variation δΠ of Π vanishes, then equations
(1)-(5) are satisfied. That the converse is also true can be shown from equation (26)
using the integral representation (29). Thus, we have the following principle:

Variational principle: ui is a solution of the boundary value problem defined
by equations (1)-(5) if and only if ui, ti, and ϕi are such that the variation δΠ of
the functional Π defined by equation (26) vanishes for arbitrary variations δui, δti

and δϕi subjected to δui = δuj on Γi ∩ Γj . The displacement ui in Ωi can be
obtained either from equation (28) in terms of ϕi, or from equation (13) in terms
of ui and ti on Γi.

Remarks. (i) The variational principle is valid for all subdomains. It is, therefore,
clear that the idea of decomposing Ω into subdomains is what allows this method
to deal with heterogeneous, but piecewise homogeneous domains.



(ii) Upon discretization of the unknowns ui, ti, and ϕi, the resulting system of
algebraic equations will be automatically symmetric, since the formulation is fully
variational in terms of a trilinear functional.

(iii) The present formulation uses simultaneously the quantities ui, ti and ϕi as
independent unknowns. The boundary integral equation method based on single-
(or double-) layer potentials such as equation (25) is called indirect in the literature
since the auxiliary variable ϕi does not arise naturally in the formulation, and
physical quantities of interest, such as displacements and tractions, are obtained in
terms of the auxiliary variable. In the present situation, however, ϕi was introduced
merely as a Lagrange multiplier to enforce the representation of equation (1) as a
side condition. Upon taking the first variation of the resulting functional, we found
that the Lagrange multiplier can be given an interesting physical interpretation,
i.e., it represents the density of a single layer in the indirect formulation of the
elasticity problem. Thus, there is a duality between ui, ti, and ϕi. Because our
formulation embodies both the physical quantities ui, ti and the auxiliary function
ϕi as unknowns, one may view it as a direct-indirect boundary integral equation
method.

(iv) It is important to point out that the interface condition in (5) and boundary
condition (2) are satisfied naturally by the variational principle. This means that
when we use approximations there are no restrictions that need to be imposed on
the approximants of the interfacial tractions. This implies that each ti is coupled
to ui only within each subdomain. Since each ϕi is also coupled to ui only within
each subdomain, ti and ϕi may be condensed, leaving ui as the only unknown. It
is of practical interest that the condensation be done separately for ti and ϕi since
both are coupled to ui but not to each other. In fact, it is straightforward to verify
that only one condensation need actually be performed explicitly, since the second
one is given by the transpose of the first.

(v) Upon discretization, there results a block-sparse system, with each block rep-
resenting a single subdomain. We note that each subdomain can itself be divided
into smaller subdomains, thereby introducing additional sparsity to the final alge-
braic system. Thus, the formulation can also be seen as a domain decomposition
method.

3 Discrete Forms

We discuss next the discretization of the variational principle (27). To this end we
use standard isoparametric elements to approximate the displacements, the trac-
tions, and the Lagrange multipliers or layer densities. Figures 2a and 2b depict
typical discretizations of a 2D and a 3D boundary element, respectively. On an
element e we approximate the displacements ui

e, the tractions tie, and the layer
densities ϕi

e by:

ui
e = ΨT

e U e, tie = ΨT
e T e, ϕi

e = ΨT
e Φe, (35)

where Ψe is a vector of element shape functions, and U e, T e and Φe are vec-
tors of unknown nodal displacements, tractions, and layer densities, respectively.
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Figure 2: Typical isoparametric elements

Substitution of (35) into (26) leads to:

Π =

N∑
i=1

Ni∑
e=1

[
1

2
T T

e

∫
e

ΨΨT dΓe U e − T̂
T
∫
e

ΨΨT dΓe U e+

1

4
ΦT

e

∫
e

ΨΨT dΓe U e −
1

2
T T

e

∫
e

HsΨ
T dΓe Φe+

1

2
ΦT

e

∫
e

HdΨ
T dΓe U e

]
, (36)

where Hs and Hd represent discrete forms of the single and double layers, respec-
tively. Using the definitions:

Gi =

Ni∑
e=1

∫
e

ΨΨT dΓe, G
S
i =

Ni∑
e=1

∫
e

HsΨ
T dΓe, G

D
i =

Ni∑
e=1

∫
e

HdΨ
T dΓe,

(37)
equation (36) can be rewritten as:

Π =
1

2

N∑
i=1

[
T T

i GiU i − 2T̂
T
GiU i +

1

2
ΦT

i GiU i − T T
i G

S
i Φi +ΦT

i G
D
i U i

]
.

(38)
By taking the variation of Π and requiring that it vanish for arbitrary variations δU ,
δT , and δΦ, there result the following equations valid within the i-th subdomain:

GiU i −GS
i Φi = 0, (39)

1

2
GiU i −

(
GS

i

)T

T i +GD
i U i = 0, (40)

1

2
GiT i −GT

i T̂ +
1

4
GT

i Φi +
1

2

(
GD

i

)T

Φi = 0, (41)



or, equivalently, for the entire domain Ω:

N∑
i=1




0 G −GS

GT 0

[(
GD

)T

+ 1
2G

T

]
−
(
GS

)T (
GD + 1

2G
)

0


i

 T

U

Φ


i

=

 0

2GT T̂

0


i

 .(42)

The system of equations (42) may be solved by taking advantage of sparsity and
the presence of the various zero block submatrices. In three dimensions, the system
has 24n degrees of freedom (DOF), where n is the number of boundary elements
in a subdomain. Since T i and Φi are uncoupled between subdomains, and GS

i

is a nonsingular matrix, we can reduce the number of unknowns to 9n + 6 using
condensation. Specifically, Φi and T i can be expressed at the subdomain level in
terms of ui using (39) and (40). There results:

ϕi =
(
GS

i

)−1

GiU i, T i =
(
GS

i

)−T
[
GD

i +
1

2
Gi

]
U i. (43)

Substitution of (43) into (42) yields the discrete problem characterized by the fol-
lowing system of algebraic equations:

Ku = P , with K =
N∑
i=1

Ki, P =
N∑
i=1

P i (44)

where

Ki = GT
i

(
GS

i

)−T
[
GD

i +
1

2
Gi

]
+

[(
GD

i

)T

+
1

2
GT

i

](
GS

i

)−1

Gi, (45)

P i = 2GT
i T̂ (46)

The summations in the above equations denote assembly of the corresponding
individual terms at the subdomain level. Equation (44) is essentially the discretized
version of condition (31) expressing the continuity of tractions across all inter-
faces. Moreover, note that Ki in (45) is symmetric, since Ki = KT

i . After solv-
ing for U , the tractions T and the layer densities Φ can be readily obtained from
(43).

4 Numerical Results

Next, we discuss a subset of our numerical experiments using the described ap-
proach. Specifically, we focus on 4 crack problems, 3 involving two-dimensional



domains, and 1 in three-dimensions. In these problems, the conventional applica-
tion of BEM has involved the use of various crack tip and singularity elements
[7]. We will show next that by using the described MBEM, no special treatment is
needed in order to resolve fracture problems. Figure 3(a) shows the geometry of
an elastic plate with a central crack under uniaxial tension (top), together with the
nodal arrangement and the deformed configuration (bottom). A semi-analytical
solution of the stress intensity factor KI accurate to 1% has been provided by
Bowie [6]; specifically, Bowie computed KI to be 2.830. It is desirable that the
computed values of the mode I stress intensity factor KI not be very sensitive
to the mesh size near the crack tips. We carried out a series of numerical exper-
iments to examine the sensitivity of KI to a/l ranging from 0.05 to 2.85, where
a is the half length of the crack, and l is the nodal separation near the crack tips.
Our computed values are presented in relative error form, where Relative Error
EKI

= [KI(MBEM) − KI(Bowie)] / KI(Bowie), in percent. In Fig. 3b, open
circles are the results of the MBEM, the straight line represents the semi-analytical
solution of [6], and stars denote the results from [7], where quarter point singularity
elements were used. The results from MBEM stay within an error margin of 1% as
long as the mesh size l is less than the crack size a. Also, it is noteworthy that KI

converges monotonically as the mesh is refined. On the other hand, mesh refine-
ment does not improve the results calculated using singularity elements, as can be
seen from the dashed-starred line in Fig. 3b. Similarly to Fig. 3, Fig. 4 shows the
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Figure 3: Two-dimensional plate with a central crack

geometry and the results pertaining to a plate with two edge cracks under uniaxial
tension. In this case the semi-analytical solution [6] for KI is 2.737.

The third problem examined the application of MBEM to a problem in which
the bond between two regions occupied by dissimilar elastic materials is weakened
by cracks. The problem represents idealization of two dissimilar metallic materials
welded together with flaws or cracks developed along the original weld line owing,
for example, to faulty joining techniques. The problem has been solved analytically
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for two semi-infinite elastic bodies joined along a straight-line segment [8]. Here,
we used two finite plates (2b×2c), instead of two half-planes (Fig. 5(a)). The inter-
facial crack of fixed length 2awas subjected to uniform pressure p, and is assumed
to be free of shear stresses. The origin of the coordinate system is at the center of
the crack and the x axis coincides with the interface. The upper plate is copper with
shear modulus 45.6GPa and Poisson’s ratio 0.35; it is bonded to a lower aluminum
plate with shear modulus 27.0GPa and Poisson’s ratio 0.34. Figure 5(b) depicts
the comparison of the displacements along the upper and lower edges between the
present method and the analytical solution of [8], showing excellent agreement.
To verify that the MBEM result will converge to the theoretical solution as the
plate dimensions become unbounded, the plate dimensions were varied and the
results are shown in Table 1. Finally, the three-dimensional problem draws from a
problem described by Sinclair [9] for a cracked cylinder along its centerline. Here,
the stress field is prescribed ahead, behind, and on the crack face using the expres-
sions derived in [9]. Next, the resulting displacement field is computed everywhere



Plate dimensions Upper edge Lower edge
x/a 2b× 2c v/pa u/pa v/pa u/pa

0.05 2.5a× 4a -0.0242 1.661 -0.0334 -2.687
5a× 8a -0.0197 1.475 -0.0282 -2.482

10a× 16a -0.0188 1.447 -0.0271 -2.436
20a× 32a -0.0185 1.432 -0.0268 -2.436
unbounded -0.0182 1.420 -0.0266 -2.436

0.45 2.5a× 4a -0.2197 1.442 -0.2991 -2.400
5a× 8a -0.1784 1.320 -0.2520 -2.217

10a× 16a -0.1670 1.294 -0.2422 -2.177
20a× 32a -0.1662 1.287 -0.2404 -2.177
unbounded -0.1650 1.270 -0.2376 -2.177

0.85 2.5a× 4a -0.4276 0.766 -0.5483 -1.408
5a× 8a -0.3472 0.781 -0.4590 -1.301

10a× 16a -0.3311 0.766 -0.4469 -1.287
20a× 32a -0.3284 0.757 -0.4451 -1.286
unbounded -0.3213 0.748 -0.4432 -1.283

Table 1: Comparison of displacements (10−11) along the crack interface for differ-
ent dimensions of the rectangular plate.

(details can be found in [10]): Fig. 6 depicts the geometry, mesh, and a comparison
of the displacement field between the MBEM and the solution in [9].

5 Conclusions

We presented a variational principle suitable for integral equation formulations in
two- and three-dimensional elastostatics. The principle hinges on the side imposi-
tion of an integral equation, but, through condensation, leads to a discrete displace-
ment-only problem. The formulation is capable of handling multi-material, and
multi-domain interface problems. We discussed numerical experiments, drawing
from fracture mechanics, that validated the approach.

References

[1] Bielak J. and MacCamy R. An exterior problem in two-dimensional elasto-
dynamics. Q. Appl. Math., 41, pp. 143–159, 1983

[2] Bielak J. and MacCamy R. Symmetric finite element and boundary integral
coupling methods for fluid-solid interaction. Q. Appl. Math., 49, pp. 107–
119, 1991

[3] Zeng X., Kallivokas L. F., Bielak J., Stable localized symmetric integral



r

1

1

θ

x

x

1

2

O

R0

1
x3

(a) Geometry and a half-
symmetry mesh of a cylin-
der cracked along its center-
line

Exact solution

Present method (MBEM) 

0 0.2 0.4 0.6 0.8 1 1.2
−5

−4

−3

−2

−1

0

1

2
z=0.0

z=0.166667

z=0.333333

z=0.5

z=0.666667

z=1.0

A
n

g
u

la
r 

d
is

p
la

ce
m

e
n

t 
(1

0
-4

)

z=0.833333

Normalized distance from crack tip

(b) Comparison of induced displacement
field

Figure 6: A three-dimensional crack problem

equation method for acoustic scattering problems. J. Acoust. Soc. Am., 91(5),
pp. 2510–2518, 1992

[4] Zeng X. and Bielak J. Stability assessment of a unified variational boundary
integral method applicable to thin scatterers with corners. Comp. Meth. Appl.
Mech. Eng., 111, 305–321, 1994

[5] Kallivokas L. F., Juneja T., Bielak J., A symmetric Galerkin BEM variational
framework for multi-domain interface problems. Comp. Meth. Appl. Mech.
Eng., 194(34-35), pp. 3607–3636, 2005

[6] Bowie O. L. Rectangular tensile sheet with symmetric edge cracks. J. Appl.
Mech. ASME, 31, pp. 208–212, 1994

[7] Jia Z. H., Shippy D. J., and Rizzo R. J. On the computation of two-
dimensional stress intensity factors using the boundary element method. Int.
J. Num. Meth. Eng. 26, pp. 2739-2753, 1988

[8] Rice J. R. and Sih G. C. Plane problems of cracks in dissimilar media. J.
Appl. Mech. ASME, 32, pp. 418–423, 1965

[9] Sinclair G. Asymptotic singular eigenfunctions for the three-dimensional
crack. Proceedings of the 7th Canadian Congress of Applied Mechanics,
Sherbrook, Quebec, Canada, pp. 295–296, 1979

[10] Yi H. Mixed Boundary Element Method – Theory and Applications in Solid
Mechanics. Dissertation, submitted in partial fulfillment of the requirements
for the Degree of Doctor of Philosophy, Department of Civil and Environ-
mental Engineering, Carnegie Mellon University, Pittsburgh, PA 15213, 1997


