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ABSTRACT

In the context of sketch planning, it is expected that a simplified networlaf.&bstracted
network or subnetwork) model can accurately approximate the travel dgatens and level
of-service attributesbtained from its fulhetwork counterpartA dataprerequisite in this
approximation process is the trip matrix of the simplifietwork This paper discusses a
maximum entropy method for the subnetwork trip matrix estimation prolbéymg onlyon
link flow rates(estimatedvia full-network taffic assignment oasobservedink-level vehicle
count3. A linearization algorithm of the FraAW/olfe type is devised for problem solutiois,
which a column generation approaishiterativelyused to solve the linearized subproblem
without path enumerationEncouraging resultBom a numerical examplsuggest that this
method holds much promi$er generating trip matrices that can be used to evattadte flow
patterns under various network changes

INTRODUCTION

Transportatiorplannersalmost always rely osimplified representationsf roadwaynetworks
for traffic analysis For example, metropolitan areas often have networks with 10,000 of more
coded links, yet they ignore most local streets and they simplify intersectiohtsigng and
other details.In general, all models are abstractions of reality, and the level of details used
depend ondesiredaccuracyin model outputs as well @vailablecomputational resources

Whenthe impacts oEhanges ta large networksuch aghat found in an urbanized area or
across a state) nesalbeanticipated sketch planning is oftezonsidereds a coseffective tool
A sketchnetworkmaybe a skeletotopologysynthesizingonly majorarterialsin the region(i.e.,
anabstrachetwork) ormay focus on the details of a neighborhoodaridorof larger system
(i.e.,asubnetwork).Such strategies aeppealingvhen evaluation of the regional network
requires specialized expertise andgorery computatioally demandingthusprohibiting
evaluation of one or more scenarins limited time frame Thesesimplified networkgrovide
planners with dess complexlatformto facilitatequick-responseand relatively informed
decision makinggarly on

While a number of studies addressagortanttheoretical and practicalxtractionaggregation
issues for network abstractigseel-8), subnetworkanalysisis still quitelimited (see9, 10).
Given asubnetworkextractedrom a large network,the firsttaskwe faceis to determine the
subnetwork &ip table This is adataprerequisite foanysubsequent travel demand analysis.
Specifically,t hi s wo r k 6tederivédnapoasistenbngm-destmationO-D) trip matrix

for the subnetwork so th#te travel demandnalysisin the subnetworkunder changed network
conditions) will closely mimidull-networkmodeling results
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For acongestetinetworkexperiencingiserequilibrium (UE) traffic conditions one certainly
canestimateanysubnetwork #ip tableby combiningpath flows from the full networkysinga
proceduralescribedy Haghani and Daskirb(6) and Hearn11). This approach results in a
subnetwork trip matrix that can induce a link flow pattern in the subnetwork exactly as the same
as that in the larger systerklowever, this approach requires complete informattorpaths

taken in the full networkand hence the resulting subnetwork trip matrix is dependent on the
given full-network path flow patternin generglunique path flow ptterrs do not exisin aUE

context sothis approach does not result in a unique subnetwork trip mathixs, f such a

matrix wereused to evaluataffic shiftsundernetworkmodifications (e.g., link additions

and/or expansionjheresultingflow estimates will likely deviate from fulhetwork results

Two compkementaryapproachemaybe used to eliminate this namiqueness issyand both
make use ofhe entropy maximization principle (s&2, 13). The first approach is stimate a
mostlikely, uniquepath flow patternn the full networkby means ofn entropymaximizingUE
traffic assignment algorithifi4-18) and therto aggregate corresponding path flaaw$orm a
subnetworkrip matrix. The secondpproachrequiresonly alink flow patternfrom traffic
assignment in thiull network the link flowsareused as inpsttoa maximum entrop{ME)
methodfor estimaing a most likely, uniqueD-D flow patternfor the subnetwork

While onecandebatewhich of the twoproceduregienerates enoreaccurae androbusttrip
matrix (in terms of the subnetworvaluationresul), werecommendhe secon@pproachfor
two computational and practicedasos. First, he second approachquiresonly link flow
informationandconductdts ME optimizationon the subnetworkevel, which is much less
computationallydemandinghan the firsapproach{which conductdME overthe full network
andmuststoreandmanipulatepath flowsfrom the full network. The second reasaorlatesto
the availabiliy of input data. In casewherdargescale traffic assignmeacrosshe full
networkis not feasiblepnemust rely on other data sourceslmost every traffic management
agency has a long history obllecting ancassembhg link-based trafficounts(e.g., for the
U.S. 6s mandated Hi ghway Per f oThugdhesceondMoni t or i
approach is more practical in thatéguires just subnetwork flow values, either estimated or

measured For this reasorthe second approach isthefocusdfi i s papetr 6s di scuss

The following section of this paperovide an overview of existing trip matrix estimation
methodswith a focus on traffic courliased methoddNext, a subnetwork matrix estimation
model based oME theory is formulated anthenanalyzedusinga smallnumerical example for
interpretingt h e  moptnealitydcenditions.A linearizationsolutionalgorithm of the Frank
Wolfe typeis devisedfor this convexoptimizationmodel,in each iteration ofvhich the
linearized subproblens solved bya column generation approadfihis avoids a reliance on
path enumeratiah Thesolutionmethodis then appliedo asmallnetworkwith relatively large

! The network does not really have to be congested, but the method applied here assumes that travel times are flow
dependent (so one cannot simply assumeratiothing assignments, for example).
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network changet assessheir performance by comparing the traffic flow pattegesmeratedby
the subnetwork and fulietwork traffic assignmentd:zinally, sme modeling extensiorzse
suggested aneksearcHindingsaresummarized

RELEVANT RESEARCH

Trip matrix estimation methods may be distinguished in terms of their theoretisaldgs
gravity allocation entropy maximizationanderror minimizatiof), traffic routing restriction
(e.g.,user equilibriunor proportional assignment), anelquired inputge.g, trip productions
andattractions, traffic counts, travel times,target trip matrix). Countbased estimation
problems have beamidely investigated antbrmulatedin terms ofafew differentoptimization
principles, includingVE, least squas(LS), and maximum likelihoodML), among others.

ME theory(or minimum infaomationtheory) was firstusedby Willumsen (9) andVan Zuylen
and Willumsen Z0) for the mostlikely-trip-matrix estimation problenbased onraffic couns.
By assuning thatthe underlying traffic flowgollow a known proportional routingattern these
models resort to simple iterative balancing method for solutios.the same modeling
framework, NguyenZ1) formulated aME problemsynthesizingoth traffic count data and trip
productionandattraction dataWhile more information can be hélp, potential inconsistenes
across constraintsan result in ndeasible solutioa Fisk (22) imposedthe UE routing principle
to a similarmatrix estimatiorproblem resultingin a ME modelsubject to a variational
inequality constraintHis contribution is mostlyheoretical ratherthan practicalhowever its
nonconvex feasible regianakes thgroblemhard to solve

Nguyen 23, 24) and others44-27) pursued a alternative approag¢incorporatingequilibrium
traffic flows. Theirapproactusesminimumtravel costdbetween all ED pairs as inputs.
Knowing flows andink cost functions, link travel costs and path travel costs can be readily
calculated Themodel makes no assumption about trip distribugiatierns however,
alternativeoptimal solutiongnay exist Toensureconvergaceto a unigue matrixsolution
some extra informatio(for example, darget trip matrixor theME assumptiohis generally
needed.

The joint use offull or partial)traffic count and targenatrix information has resulted in a
number of other trip matrix estimation methods, sucth@Bayesian inference approad@8(
29), least squassapproach 30-33), maximum likelihood approacts4-36, 29), constrained
regression approacBY), leastabsolute nornapproach38-40), andintegrated squadeerror
approach41). Despite variousnplicit parameter assumptions and optimization princig@gs,
seek amatrix that represents some form of tradfs betweeratargettrip matrix and observed
traffic counts These tradeffs appear inthemodel constraints or objective functionBue to
thea b o v e mequiternedtofta target trip tableoneapplies here
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Giventhe fact that link flow (eitherestimates omeasured countgye the only data source
available in the context under stydye propos@n ME modelfor subnetwork trip matrix
estimation This approacks based on thearlywork of Willumsen (9) and Van Zuylen and
Willumsen @O0).

A W NP

ol

MAXIMUM ENTROPY MODEL

Imaginea subnetworlG = (N, A), whereN andA are the node and link sets of the subnetwork,
respectively. The origin node getand the destination node Setre subsets of, (i.,e., RS N

andS € N). The proposed modéehpliestwo important assumptions, whighneatlyreducethe
modelingdifficulty. (We laterdiscusshow these assumptions canrbenoved thereby

10 accommodahg more general network conditiophg-irst, we assume that every node in the

11  network is potentially an origin and destination n@id=,R = N andS = N). If any noder

12 cannot be an origimnesimply ses x,.. = 0, Vs € S; similarly, if any nodes cannot be a

13 destinationpnesesx,; = 0, Vr € R. Second, wassume that the 4oe-estimated subnetwork

14  trip matrixhas fixed valuesin other words, every D flow rate in the matrix is invariant to any
15 network changeln reality, allflows with external origin and/or external destination (i.e., outside
16 thesubnetworkcan well change, as these tripmakers may seek different routes (potentially
17 avoiding thesubnetwork entirely, or adding trips to the trip table). Thus, the greater the share of
18 trips involving origins or destinations outside the subnetwork, the more problematic is this

19 second assumption.

©O© 00 N O

20 Nevertheless,igena complete set adstimated or meased link flow rates?,, a € A, one can
21  construct the followingME problem (P1):

max — Z(xrs Inx,s — Xps) (1.1)
s
or min Z(xrs Inxps = xp5) (1.2)
rs
subject to Zkars ak = Uq Va€ A (1.3)
rs k
k20 Vk €K, TER,SES (1.4)

22 wheretrip ratex,, is defined as

xrs=2fkrs Vr €R,s€S (1.5)
K
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Heref}* is the path flow rate of pathbetween origin- and destination.

Thismoded s f u n c tidgcommarito theMErspecifications useldy Willumsen(19) and
Fisk 22). Thes e mocdreallredydnlink flow rates as the only inpuProduction and
attraction datar sometarget GD flow pattern isnot required. Note thatthe proposed
formulation(P1)does not imply any trafficouting assumptiofi.e., how the estimated trip
matrixis assigned to generdtee observed flow pattern in the netwprkn general, an
appropriate traffic routing principle needs to be specified and incorporated into the matrix
estimation procesdg-or exampleWillumsen 6ME modelpresumeshat the proportions of any
O-D flow rate on traversed links are known a priso ¢oute choice is independent of
congestion), explcitlyeontkinssUE traffic routind @mpaent

Il n both Wil | ums é&mbssrved Imidflows maylcantsin noigedard be
inconsistent with one anoth@x.g., flow may not be conserved at nogdes)reover, flow
observationsre generdy only available ora subset ohetworklinks. In the current context, by
contrast a complée set of link flow ratess available and thesolutionimplied flow rates may be
error-freg if these rates are produceddtraffic assignment process in the full netwo@ur
model does not require an explicit traffic assignment component, sincertiptete set of link
flows implies the desable traffic flow pattern. flthe given link flow pattern is achieveth a

UE traffic assignment in the fulhetwork,thenthe estimated subnetwork trip matdanreplicate
exactlythe samdlow patternthrough a UE traffic assignment in the subnetwdrkfact, any
feasible solution of th®1E model P1) holds this conclusigras proven here now.

Property 1. Assume that both the subnetwork and-fdtwork trafic flow patterns ar&JE. A
subnetwork taffic assignment based on any feasible trip matrix solution of:Pi:

[Xrs]: Xrs 2k fi *Oak = VasVa, fg° = 0,Vk,7,8,%,. = X fi.°, V1, s} produces the same
subnetwork flow pattern (in terms of link flows) as the-fudtwork traffic assignment.

Proof. Since the fli-network flow pattern i$JE, any part oflie traffic flow pattern i$JE. Let
us assume that a feasible trip matrix solutdf P1 is obtained by decomposifiginto a
specific set ofy*" in terms ofY, X fi *64% = D, and then summing up this setf§F" for
each GD pairr-s, i.e.,xjs = X fi5.

The UE traffic assignment problem for tiseibnetwork with this specific trip matri¥ is:
min (Y, [ ta(@)dw: Ti fis = %76, Y7, 5,V = Ts T fia 00, Va, fis = 0,Vk,7,s}. Itis
obvious that the specific path flow pattdin= [f*" | andthusthe link flow patternv* = [v;]

exactly satisfy the optimality condition of this traffic assignment problem. Because this traffic
assignment problem has a unique optimal solution (in terms of the link flow pattern), we know

that it is the link flow patterfw,]. ¢
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Fortunately thisresultdoes not meathat the proposeME modelwill fail in theface ofnoisy

and inconsistent input dat&iven the assumption that every node ingbetwork can be an
origin andbr destination node, srset of flow rates can serasaninput data setin other

words, an arbitrary set afputlink flow rates contains some feasible solutions to the maximum
entropy modelR1). A more formal proof of this is as follows:

Property 2. Assume that every node in the netwsrkotentially an origin and destination node.
Feasible solutions of P1 always exist givaeraabitraryset ofpositivelink flow rates.

Proof. The feasible solution set of P1 is confinedsbigh asystenof linear equationgx =
[Xrs]: Xrs 2k fi *Oak = VauVa, f° = 0,Vk, 7,8, %,. = X fi.°, VT, s}, Its feasibility is
equivalent to the feasibility of the reduced linear systeyf,{ﬁf{f = [fi®]: Xrs 2k fx Oa =
D, Va, fi® = 0,Vk,r,s}. Given thatevery,* > 0,Vvr €eR,s €S,R =S = N, existsthe
optimal solution of a quadratic programiny{za V& Drs 2k fr 00 + Vo = Vo, Va, fi° =
0,Vk,1,5,y, = 0} isy; = 0, Va, wherey, is a slack variable for link. The validty of this

leastsquare method for checking the feasibility of linear systems red@erencedn Carey and
Revelli 42). Thus, the existence of feasible soluitmP1 isguaranteedt

Note that however|f the observed flow ratein the subnetwor&renot UE (due to measurement
errors or other factors), the subnetwork trip matrix estimated from this disequilibrium flow
patternwill not result in the same flow patteemerging fronJE traffic assignment.The larger
the measurement erraase thegreaterthe deviation between the observed and produced traffic
flow patternss.

In cass wheretraffic flow valueson some links are missing, the model still produces a trip
matrix, except thatose GD flows using a path thdully consists oEegments with msing

flow valueswill be underspecified This is because path flows fully traversing segments with
missing data are unconstrained.

The optimality conditions of this subnetwork
input data set can be analyagdusing the Lagrangian of the model formulatimtorporating
the link flow conservation constraint:

L(f: l) = Z(xrs In Xps + xrs) + Z ﬂ-a (ﬁa - Z fl:s gfk) (2)
rs a rs k

wherel, is the Lagrangian multipliesn link ad low-conservation constrainSincethe first
order condition of the Lagrangian witespect tgath flow ratef,® is:
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oL(f,2)
o Inx.s — Zla ak (3)
k a

the optimality conditions of the proble@i.(f,1)/df;° = 0 andf* oL(f,A)/df;° = 0, can be
written as:

ke =0=Inx.g > Z/lafFZZ,Sk (4.1)
a
lnxr5=21a Z;sszkrszo (4.2)
a

Note that-Inx,,denotes the minimum path fAentropy
O-D pair(r,s). One caralso define-1, asthe entropy impedance of link= (i,j) and define

— Ya 12494 asthe entropy impedance of pattbetween GD pair (r, s), which is the sum of the
entropy impedances of all the links along this patihecomeseadily apparenthat—1, =
—Inx;;, where linka = (i, /), if x;; > 0. Note thaty;; is the trip rate between-D pair (i, j),

the head and tail nodes of limk which should not be confused with the link flow rate of kink
v,. Given these definitions, the optimality conditions of the defiM&dproblem can be stated
as follows.

Property 3. In anME O-D flow pattern, 8 used pathgi.e., paths with a positive flow rate)
have their path entropy impedance equal to the minientmopy impedance, and all unused
paths(i.e., paths with zero floware associated withpath entropy impedance greater than or
eqgual to the minimum impedance valte.

This property describes the conditions of the path flow distribution in terms opgntro
impedance under trestimated MEO-D flows. Such arME path flow patterrgenerally differs

from a UEpath flow pattern derived in terms of travel cost, even if their corresponding link flow
patterns and & flow patterns are identical. More generapeaking, the path flow space
constrained byheME O-D flow pattern (of the trip matrix problendjffers from the path flow
spaceconstrained byhe UE link flow pattern (of the traffic assignment problem). After all, the
trip matrix problem and the tfag assignment problem follow different optimality principles,
which result in different optimality conditions for path flows.

The solution uniqueness of the problem in terms-&f bws is apparent thanks to the fabat
the objective function is strigtconvex (i.e., its Hessian matrix is positive definite) and the
constraints 1.3)-(1.5) forms a convex feasible region. However, in generalMiiigproblem
does not have a unique path flow solution.

mp e
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We use a toy network shovim Figurel to examine the optimal conditions of thE= problem
(PD).

Given five potential €D pairs, (1, 2), (1, 3), (1, 4), (2, 3) and (4, 3), tMis problem is written
asfollows:

min z(xrs Inx.s — x5)
TS

wherex,; = X15, X13, X14, X33 andx,s,

subjectto fi_, + fi_,_3 =2
foz+ fi2-3 =12
fi-3 =3
ficat firaz =1
famz + ficaz =1

f1—2’ f1—37 f1—4’ f1—2—31 f1—4—3’ f2—31 f4-—3 =0

where the GD flow variables can be decomposed into path flow variables,

X12 = fi-2
X23 = f2-3
X13 = fi-3 + fi-2-3
X14 = fi-4

X43 = fa—3

This numerical problem can be solved analytically as foll@veenx;, = x,3, X1, = x43 and

X12 + X413 + X414 = 6, 0necan reduce the objective function2@x,, In x;, — x;,) +

2(x14Inx14 — X14) + (6 — X712 — X14) IN(6 — X415 — x14) — (6 — x4, — x14). This single

objective minimization problem can be readily solved by checking its partial gradient subject to
0 <x, <2and0 < x4, <1, which results inx;, = 1.791 andx{, = 1. Moreoverx;; =

1.791, x4; = 1 andx;; = 3.209 as well
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If one examing, for example, ED pair (1, 3) the minimum entropy impedance of thisDDpair
iszInxj; = —1.166. There are three paths betweed@air (1, 3): 13, 1-2-3 and 14-3. The
entropy impedance of pathalis just the entropy impedance of lidl31which is obviously
eqgual to the minimum entropy impedance. The entropy impedance of-paghslthe sum of
the impedance values of links2land 23, —In xj, — Inx3; = —1.166, which is equal to the
minimum entropy impedance. However, the entropy impeelah path 14-3 is the sum of
those of links 14 and 43, —In x{, — Inx;; = 0, which is greater than1.166. This result
means that between-D pair (1, 3) there exist positive path flows on pattgsdnd 12-3 while
no flow on path #4-3. In fact, the pth flow pattern for €D pair (1, 3) isfi_3 = 3, fi—,_3 =
0.209 andf;_,_; = 0.

SOLUTION ALGORITHM

The FrankWolfe algorithm ¢3) can be adapted for solving tN&E problem P1) defined in this
text. The modified algorithmic steps for thi= problem are depicted as follows.

Step ((Initialization): Find an initial feasible O trip matrix. One possible initial trip matrix
can be obtained by setting, = 7,, if nodesr ands are the head and tail nodes of some tink
i.e.,a = (r,s), andx,, = 0, for all other QD pairs.

Step 1(Direction finding): Find an auxiliary trip matrix.., vr € R, s € S, by solving the
following linearized problem (B:

min ZYrs In x7 (5.5)
s
subject to szkrs ar = Va Va€e A (5.6)
rs k
w> =0 vk €EK,.,,TER,SES (5.7)

where trip ratey, is defined as
Yos = ) fi° vk € Ky, (5.8)
k

Step ZALine search): Find an optimalvalue for0 < @ < 1 by solving the following line search
problem:
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min Z[x;ls + a(yrs - x;ls)] ln[x;ls + a(yrs - x;}s)] - [x‘:'ls + a(y‘rs - x‘?s)] (6_1)

s

subjectto 0 < a <1 (6.2)

Step 3Solution update): Set’tt! = x& + a(y,.. — x1).

|x?5+1—x?5|

Step 4Convergence test): If a convergence criterion is(rfnetexampllesT <eg),

stop; otherwise, go to step 1.

It should be noted that the computational bottleneck of the Risolfe algorithm in solving the
ME problem is the linearizeME subproblem formed in step 1. The standard linear
programming(LP) soluion methodd the simplex method may not be directly applied to this
linear problem, because an explicit statement and processing ofrsuelpeoblem requires
enumeration of all possible path flows between eadh @air, which is computationally
prohihtive for problems of realistic network siz&or this reason, an efficient approach that
avoids path enumeration is required; otherwise, the application of the Waifdx algorithm for
theME problem may be limited to subnetworks of small size only.

To relax the computational difficultyhis workresors to the column generation approach,
which generates path flows only as and when needed within the solution framework of the
revised simplex methodée, e.g44 and45). Given that the linearizgaroblem is in the form
of path flows, we label the path set of the networR as U,.cg ses Krs. Since the optimal

solution of this linearized problem is a basic feasible solution, it is readily known that there are at

most|A| paths with positive flowate in the optimal solution.

For conveniencegne carfirst rewrite the linearizeE problem P2) into the following path
based matrix form:

min ¢ -f (7.1)

wherec is the negative of the path entropy impedance vectsr|[c/s]px1 = [In x7]jp|x1, @and
f is the path flow vectof, = [£7*]jp|x1,

subjectto A-f=V (7.2)

f>0 (7.3)

whereA is the linkpath incidence matrpa= | ‘rl's"]lAllel’ andv is theestimatedink flow

vector,V = [Dg]4/x1-






