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ABSTRACT 1 

In the context of sketch planning, it is expected that a simplified network (i.e., an abstracted 2 

network or subnetwork) model can accurately approximate the travel demand patterns and level-3 

of-service attributes obtained from its full-network counterpart.  A data prerequisite in this 4 

approximation process is the trip matrix of the simplified network.  This paper discusses a 5 

maximum entropy method for the subnetwork trip matrix estimation problem, relying only on 6 

link flow rates (estimated via full -network traffic assignment or as observed link-level vehicle 7 

counts).  A linearization algorithm of the Frank-Wolfe type is devised for problem solutions, in 8 

which a column generation approach is iteratively used to solve the linearized subproblem 9 

without path enumeration.  Encouraging results from a numerical example suggest that this 10 

method holds much promise for generating trip matrices that can be used to evaluate traffic flow 11 

patterns under various network changes. 12 

INTRODUCTION  13 

Transportation planners almost always rely on simplified representations of roadway networks 14 

for traffic analysis. For example, metropolitan areas often have networks with 10,000 of more 15 

coded links, yet they ignore most local streets and they simplify intersection signal timing and 16 

other details.  In general, all models are abstractions of reality, and the level of details used 17 

depends on desired accuracy in model outputs as well as available computational resources.   18 

When the impacts of changes to a large network (such as that found in an urbanized area or 19 

across a state) need to be anticipated, sketch planning is often considered as a cost-effective tool.  20 

A sketch network may be a skeleton topology synthesizing only major arterials in the region (i.e., 21 

an abstract network) or may focus on the details of a neighborhood or corridor of larger system 22 

(i.e., a subnetwork).  Such strategies are appealing when evaluation of the regional network 23 

requires specialized expertise and/or is very computationally demanding, thus prohibiting 24 

evaluation of one or more scenarios in a limited time frame.  These simplified networks provide 25 

planners with a less complex platform to facilitate quick-response and relatively informed 26 

decision making early on. 27 

While a number of studies addressed important theoretical and practical extraction/aggregation 28 

issues for network abstraction (see 1-8), subnetwork analysis is still quite limited (see 9, 10).  29 

Given a subnetwork extracted from a larger network, the first task we face is to determine the 30 

subnetworkôs trip table.  This is a data prerequisite for any subsequent travel demand analysis.  31 

Specifically, this workôs objective is to derive a consistent origin-destination (O-D) trip matrix 32 

for the subnetwork so that the travel demand analysis in the subnetwork (under changed network 33 

conditions) will closely mimic full -network modeling results. 34 
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For a congested
1
 network experiencing user-equilibrium (UE) traffic conditions, one certainly 1 

can estimate any subnetworkôs trip table by combining path flows from the full network, using a 2 

procedure described by Haghani and Daskin (5, 6) and Hearn (11).  This approach results in a 3 

subnetwork trip matrix that can induce a link flow pattern in the subnetwork exactly as the same 4 

as that in the larger system.  However,  this approach requires complete information on paths 5 

taken in the full network and hence the resulting subnetwork trip matrix is dependent on the 6 

given full-network path flow pattern.  In general, unique path flow patterns do not exist in a UE 7 

context, so this approach does not result in a unique subnetwork trip matrix.  Thus, if such a 8 

matrix were used to evaluate traffic shifts under network modifications (e.g., link additions 9 

and/or expansion), the resulting flow estimates will likely deviate from full-network results. 10 

Two complementary approaches may be used to eliminate this non-uniqueness issue, and both 11 

make use of the entropy maximization principle (see 12, 13).  The first approach is to estimate a 12 

most likely, unique path flow pattern in the full network by means of an entropy-maximizing UE 13 

traffic assignment algorithm (14-18) and then to aggregate corresponding path flows to form a 14 

subnetwork trip matrix.  The second approach requires only a link flow pattern from traffic 15 

assignment in the full network; the link flows are used as inputs to a maximum entropy (ME) 16 

method for estimating a most likely, unique O-D flow pattern for the subnetwork. 17 

While one can debate which of the two procedures generates a more accurate and robust trip 18 

matrix (in terms of the subnetwork evaluation result), we recommend the second approach, for 19 

two computational and practical reasons.  First, the second approach requires only link flow 20 

information and conducts its ME optimization on the subnetwork level, which is much less 21 

computationally demanding than the first approach (which conducts ME over the full network 22 

and must store and manipulate path flows from the full network.  The second reason relates to 23 

the availability of input data.  In cases where large-scale traffic assignment across the full 24 

network is not feasible, one must rely on other data sources.  Almost every traffic management 25 

agency has a long history of collecting and assembling link-based traffic counts (e.g., for the 26 

U.S.ôs mandated Highway Performance Monitoring System [HPMS]).  Thus, the second 27 

approach is more practical in that it requires just subnetwork flow values, either estimated or 28 

measured.  For this reason, the second approach is the focus of this paperôs discussion. 29 

The following section of this paper provide an overview of existing trip matrix estimation 30 

methods, with a focus on traffic count-based methods.  Next, a subnetwork matrix estimation 31 

model based on ME theory is formulated and then analyzed, using a small numerical example for 32 

interpreting the modelôs optimality conditions.  A linearization solution algorithm of the Frank-33 

Wolfe type is devised for this convex optimization model, in each iteration of which the 34 

linearized subproblem is solved by a column generation approach. (This avoids a reliance on 35 

path enumeration.)  The solution method is then applied to a small network with relatively large 36 

                                                      
1
 The network does not really have to be congested, but the method applied here assumes that travel times are flow 

dependent (so one cannot simply assume all-or-nothing assignments, for example). 
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network changes to assess their performance by comparing the traffic flow patterns generated by 1 

the subnetwork and full-network traffic assignments.  Finally, some modeling extensions are 2 

suggested and research findings are summarized. 3 

RELEVANT RESEARCH  4 

Trip matrix estimation methods may be distinguished in terms of their theoretical basis (e.g., 5 

gravity allocation, entropy maximization, and error minimization), traffic routing restrictions 6 

(e.g., user equilibrium or proportional assignment), and required inputs (e.g., trip productions 7 

and attractions, traffic counts, travel times, or target trip matrix).  Count-based estimation 8 

problems have been widely investigated and formulated in terms of a few different optimization 9 

principles, including ME, least squares (LS), and maximum likelihood (ML), among others. 10 

ME theory (or minimum information theory) was first used by Willumsen (19) and Van Zuylen 11 

and Willumsen (20) for the most-likely-trip-matrix estimation problem, based on traffic counts.  12 

By assuming that the underlying traffic flows follow a known proportional routing pattern, these 13 

models resort to a simple iterative balancing method for solutions.  In the same modeling 14 

framework, Nguyen (21) formulated a ME problem synthesizing both traffic count data and trip 15 

production and attraction data.  While more information can be helpful, potential inconsistencies 16 

across constraints can result in no feasible solutions.  Fisk (22) imposed the UE routing principle 17 

to a similar matrix estimation problem, resulting in a ME model subject to a variational 18 

inequality constraint.  His contribution is mostly theoretical, rather than practical, however; its 19 

nonconvex feasible region makes the problem hard to solve. 20 

Nguyen (23, 24) and others (24-27) pursued an alternative approach, incorporating equilibrium 21 

traffic flows.  Their approach uses minimum travel costs between all O-D pairs as inputs. 22 

Knowing flows and link cost functions, link travel costs and path travel costs can be readily 23 

calculated.  The model makes no assumption about trip distribution patterns; however, 24 

alternative optimal solutions may exist.  To ensure convergence to a unique matrix solution, 25 

some extra information (for example, a target trip matrix or the ME assumption) is generally 26 

needed. 27 

The joint use of (full or partial) traffic count and target matrix information has resulted in a 28 

number of other trip matrix estimation methods, such as the Bayesian inference approach (28, 29 

29), least squares approach (30-33), maximum likelihood approach (34-36, 29), constrained 30 

regression approach (37), least absolute norm approach (38-40), and integrated squared error 31 

approach (41).  Despite various implicit parameter assumptions and optimization principles, all 32 

seek a matrix that represents some form of trade-offs between a target trip matrix and observed 33 

traffic counts.  These trade-offs appear in the model constraints or objective functions.  Due to 34 

the above methodsô requirement of a target trip table, none applies here.   35 
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Given the fact that link flows (either estimates or measured counts) are the only data source 1 

available in the context under study, we propose an ME model for subnetwork trip matrix 2 

estimation.  This approach is based on the early work of Willumsen (19) and Van Zuylen and 3 

Willumsen (20). 4 

MAXIMUM ENTROPY MODEL  5 

Imagine a subnetwork , where  and  are the node and link sets of the subnetwork, 6 

respectively.  The origin node set  and the destination node set  are subsets of, (i.e.,  7 

and ).  The proposed model implies two important assumptions, which greatly reduce the 8 

modeling difficulty.  (We  later discuss how these assumptions can be removed, thereby 9 

accommodating more general network conditions.)  First, we assume that every node in the 10 

network is potentially an origin and destination node (i.e.,  and ).  If any node  11 

cannot be an origin, one simply sets , ; similarly, if  any node  cannot be a 12 

destination, one sets , .  Second, we assume that the to-be-estimated subnetwork 13 

trip matrix has fixed values.  In other words, every O-D flow rate in the matrix is invariant to any 14 

network change.  In reality, all flows with external origin and/or external destination (i.e., outside 15 

the subnetwork) can well change, as these tripmakers may seek different routes (potentially 16 

avoiding the subnetwork entirely, or adding trips to the trip table).  Thus, the greater the share of 17 

trips involving origins or destinations outside the subnetwork, the more problematic is this 18 

second assumption. 19 

Nevertheless, given a complete set of estimated or measured link flow rates, , , one can 20 

construct the following ME problem (P1): 21 

max   (1.1) 

 or min   (1.2) 

subject to   (1.3) 

  , ,  (1.4) 

where trip rate  is defined as 22 

  ,  (1.5) 
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Here  is the path flow rate of path  between origin  and destination . 1 

This modelôs functional form is common to the ME specifications used by Willumsen (19) and 2 

Fisk (22).  These modelsô can all rely on link flow rates as the only input. (Production and 3 

attraction data or some target O-D flow pattern is not required.)  Note that the proposed 4 

formulation (P1) does not imply any traffic routing assumption (i.e., how the estimated trip 5 

matrix is assigned to generate the observed flow pattern in the network).  In general, an 6 

appropriate traffic routing principle needs to be specified and incorporated into the matrix 7 

estimation process.  For example, Willumsenôs ME model presumes that the proportions of any 8 

O-D flow rate on traversed links are known a priori (so route choice is independent of 9 

congestion), while Fiskôs model explicitly contains a UE traffic routing component. 10 

In both Willumsenôs and Fiskôs models, observed link flows may contain noise and be 11 

inconsistent with one another (e.g., flow may not be conserved at nodes); moreover, flow 12 

observations are generally only available on a subset of network links.  In the current context, by 13 

contrast, a complete set of link flow rates is available, and the solution-implied flow rates may be 14 

error-free, if these rates are produced by a traffic assignment process in the full network.  Our 15 

model does not require an explicit traffic assignment component, since the complete set of link 16 

flows implies the desirable traffic flow pattern.  If the given link flow pattern is achieved via a 17 

UE traffic assignment in the full network, then the estimated subnetwork trip matrix can replicate 18 

exactly the same flow pattern through a UE traffic assignment in the subnetwork.  In fact, any 19 

feasible solution of the ME model (P1) holds this conclusion, as proven here now. 20 

Property 1.  Assume that both the subnetwork and full-network traffic flow patterns are UE.  A 21 

subnetwork traffic assignment based on any feasible trip matrix solution of P1: 22 

 produces the same 23 

subnetwork flow pattern (in terms of link flows) as the full-network traffic assignment. 24 

Proof.  Since the full -network flow pattern is UE, any part of the traffic flow pattern is UE.  Let 25 

us assume that a feasible trip matrix solution  of P1 is obtained by decomposing  into a 26 

specific set of  in terms of  and then summing up this set of  for 27 

each O-D pair - , i.e., . 28 

The UE traffic assignment problem for the subnetwork with this specific trip matrix  is: 29 

.  It is 30 

obvious that the specific path flow pattern  and thus the link flow pattern  31 

exactly satisfy the optimality condition of this traffic assignment problem.  Because this traffic 32 

assignment problem has a unique optimal solution (in terms of the link flow pattern), we know 33 

that it is the link flow pattern .  ʉ  34 
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Fortunately, this result does not mean that the proposed ME model will fail in the face of noisy 1 

and inconsistent input data.  Given the assumption that every node in the subnetwork can be an 2 

origin and/or destination node, any set of flow rates can serve as an input data set.  In other 3 

words, an arbitrary set of input link flow rates contains some feasible solutions to the maximum 4 

entropy model (P1).  A more formal proof of this is as follows: 5 

Property 2.  Assume that every node in the network is potentially an origin and destination node.  6 

Feasible solutions of P1 always exist given an arbitrary set of positive link flow rates. 7 

Proof.  The feasible solution set of P1 is confined by such a system of linear equations: 8 

.  Its feasibility is 9 

equivalent to the feasibility of the reduced linear system of : 10 

.  Given that every , , , , exists, the 11 

optimal solution of a quadratic program: 12 

 is , , where  is a slack variable for link .  The validity of this 13 

least-squares method for checking the feasibility of linear systems can referenced in Carey and 14 

Revelli (42).  Thus, the existence of feasible solutions to P1 is guaranteed. ʉ  15 

Note that, however, if the observed flow rates in the subnetwork are not UE (due to measurement 16 

errors or other factors), the subnetwork trip matrix estimated from this disequilibrium flow 17 

pattern will not result in the same flow pattern emerging from UE traffic assignment.  The larger 18 

the measurement errors are, the greater the deviation between the observed and produced traffic 19 

flow patterns is. 20 

In cases where traffic flow values on some links are missing, the model still produces a trip 21 

matrix, except that those O-D flows using a path that fully consists of segments with missing 22 

flow values will be underspecified.  This is because path flows fully traversing segments with 23 

missing data are unconstrained. 24 

The optimality conditions of this subnetwork trip matrix estimation problem with an ñidealò 25 

input data set can be analyzed by using the Lagrangian of the model formulation, incorporating 26 

the link flow conservation constraint: 27 

   (2) 

where  is the Lagrangian multiplier on link aôs flow-conservation constraint.  Since the first-28 

order condition of the Lagrangian with respect to path flow rate  is: 29 
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   (3) 

the optimality conditions of the problem,  and , can be 1 

written as: 2 

   (4.1) 

   (4.2) 

Note that  denotes the minimum path ñentropy impedanceò among all paths connecting 3 

O-D pair .  One can also define  as the entropy impedance of link  and define 4 

 as the entropy impedance of path  between O-D pair , which is the sum of the 5 

entropy impedances of all the links along this path.  It becomes readily apparent that 6 

, where link , if .  Note that  is the trip rate between O-D pair , 7 

the head and tail nodes of link , which should not be confused with the link flow rate of link , 8 

.  Given these definitions, the optimality conditions of the defined ME problem can be stated 9 

as follows. 10 

Property 3.  In an ME O-D flow pattern, all used paths (i.e., paths with a positive flow rate) 11 

have their path entropy impedance equal to the minimum entropy impedance, and all unused 12 

paths (i.e., paths with zero flow) are associated with a path entropy impedance greater than or 13 

equal to the minimum impedance value.  ʉ14 

This property describes the conditions of the path flow distribution in terms of entropy 15 

impedance under the estimated ME O-D flows.  Such an ME path flow pattern generally differs 16 

from a UE path flow pattern derived in terms of travel cost, even if their corresponding link flow 17 

patterns and O-D flow patterns are identical.  More generally speaking, the path flow space 18 

constrained by the ME O-D flow pattern (of the trip matrix problem) differs from the path flow 19 

space constrained by the UE link flow pattern (of the traffic assignment problem).  After all, the 20 

trip matrix problem and the traffic assignment problem follow different optimality principles, 21 

which result in different optimality conditions for path flows. 22 

The solution uniqueness of the problem in terms of O-D flows is apparent thanks to the fact that 23 

the objective function is strictly convex (i.e., its Hessian matrix is positive definite) and the 24 

constraints (1.3)-(1.5) forms a convex feasible region.  However, in general this ME problem 25 

does not have a unique path flow solution. 26 
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We use a toy network shown in Figure 1 to examine the optimal conditions of the ME problem 1 

(P1). 2 

Given five potential O-D pairs, (1, 2), (1, 3), (1, 4), (2, 3) and (4, 3), this ME problem is written 3 

as follows: 4 

min  

where ,  ,  and , 5 

subject to  

  

  

  

  

 , , , , , ,  

where the O-D flow variables can be decomposed into path flow variables, 6 

    

    

    

    

    

This numerical problem can be solved analytically as follows: Given ,  and 7 

, one can reduce the objective function to 8 

.  This single-9 

objective minimization problem can be readily solved by checking its partial gradient subject to 10 

 and , which results in  and . Moreover, 11 

,  and  as well. 12 
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If one examines, for example, O-D pair (1, 3), the minimum entropy impedance of this O-D pair 1 

is ɀ .  There are three paths between O-D pair (1, 3): 1-3, 1-2-3 and 1-4-3.  The 2 

entropy impedance of path 1-3 is just the entropy impedance of link 1-3, which is obviously 3 

equal to the minimum entropy impedance.  The entropy impedance of path 1-2-3 is the sum of 4 

the impedance values of links 1-2 and 2-3, , which is equal to the 5 

minimum entropy impedance.  However, the entropy impedance of path 1-4-3 is the sum of 6 

those of links 1-4 and 4-3, , which is greater than .  This result 7 

means that between O-D pair (1, 3) there exist positive path flows on paths 1-3 and 1-2-3 while 8 

no flow on path 1-4-3.  In fact, the path flow pattern for O-D pair (1, 3) is , 9 

 and . 10 

SOLUTION ALGORITHM  11 

The Frank-Wolfe algorithm (43) can be adapted for solving the ME problem (P1) defined in this 12 

text.  The modified algorithmic steps for the ME problem are depicted as follows. 13 

Step 0 (Initialization):  Find an initial feasible O-D trip matrix.  One possible initial trip matrix 14 

can be obtained by setting , if nodes  and  are the head and tail nodes of some link , 15 

i.e., , and , for all other O-D pairs. 16 

Step 1 (Direction finding): Find an auxiliary trip matrix , , , by solving the 17 

following linearized problem (P2): 18 

min   (5.5) 

subject to   (5.6) 

  , ,  (5.7) 

where trip rate  is defined as 19 

   (5.8) 

Step 2 (Line search): Find an optimal  value for  by solving the following line search 20 

problem: 21 
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min   (6.1) 

subject to   (6.2) 

Step 3 (Solution update): Set . 1 

Step 4 (Convergence test): If a convergence criterion is met (for example, ), 2 

stop; otherwise, go to step 1. 3 

It should be noted that the computational bottleneck of the Frank-Wolfe algorithm in solving the 4 

ME problem is the linearized ME subproblem formed in step 1.  The standard linear 5 

programming (LP) solution method ð the simplex method ð may not be directly applied to this 6 

linear problem, because an explicit statement and processing of such an LP problem requires 7 

enumeration of all possible path flows between each O-D pair, which is computationally 8 

prohibitive for problems of realistic network size.  For this reason, an efficient approach that 9 

avoids path enumeration is required; otherwise, the application of the Frank-Wolfe algorithm for 10 

the ME problem may be limited to subnetworks of small size only. 11 

To relax the computational difficulty, this work resorts to the column generation approach, 12 

which generates path flows only as and when needed within the solution framework of the 13 

revised simplex method (see, e.g., 44 and 45).  Given that the linearized problem is in the form 14 

of path flows, we label the path set of the network as .  Since the optimal 15 

solution of this linearized problem is a basic feasible solution, it is readily known that there are at 16 

most  paths with positive flow rate in the optimal solution. 17 

For convenience, one can first rewrite the linearized ME problem (P2) into the following path-18 

based matrix form: 19 

min   (7.1) 

where  is the negative of the path entropy impedance vector, , and 20 

 is the path flow vector, , 21 

subject to   (7.2) 

   (7.3) 

where  is the link-path incidence matrix, , and  is the estimated link flow 22 

vector, . 23 




