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ABSTRACT
Vortex-induced vibration (VIV) is a topic of great impor-

tance in fatigue damage assessment and life prediction for ma-
rine risers. In order to gain insight into riser motions and es-
timated fatigue damage due to VIV, data loggers such as strain
sensors and/or accelerometers are sometimes installed on risers
to monitor their motion in different current velocity conditions.
Accurate reconstruction of the riser response and empirical es-
timation of fatigue damage rates over the entire riser length us-
ing measurements from a limited number of sensors is impor-
tant for efficient utilization of the costly measurements recorded.
In this study, different empirical methods are employed to an-
alyze the VIV response of a long flexible cylinder subjected
to uniform and sheared current profiles. The methods include
weighted waveform analysis (WWA), proper orthogonal decom-
position (POD), modal phase reconstruction (MPR), a modified
WWA procedure, and a hybrid method which combines MPR
and the modified WWA method. Fatigue damage rates estimated
using these different empirical methods are compared and cross-
validated against measurements. Formulations for each method
are briefly presented and discussed with examples. Results show
that all the empirical methods, despite different underlying as-
sumptions in each of them, can be employed to estimate fatigue
damage rates quite well from limited strain measurements.

INTRODUCTION
Due to the current velocity flow field around a marine riser,

vortices are formed and shed at the downstream side of the riser;
fluctuations in resulting hydrodynamic pressures can causethe
riser to experience sustained VIV, which is a major contribution
to fatigue damage. Accumulated fatigue damage can cause riser
failure, a shortened service life, and even ocean pollution. To
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prevent such catastrophic consequences, it is useful to be able to
accurately estimate the rate of fatigue damage accumulation and
the expected service life of a marine riser at the design stage, or
to measure and monitor the accumulated fatigue damage and the
remaining life for an installed riser. In an effort to achieve this
ambitious goal, several marine riser monitoring campaignshave
been undertaken over the past decade [1]. Riser response mea-
sures (such as strains and accelerations) are usually measured at
discrete locations along the riser. Often, ocean currents are also
measured at a nearby location over the period of the riser mon-
itoring campaign. Such in-situ full-scale measurements ofriser
VIV response are extremely valuable in the study of riser VIV
response and the estimation of fatigue damage.

In contrast to the use of riser response measurement cam-
paigns, given a current profile and the physical properties of a
riser, the response and fatigue damage rate for the riser may
be estimated using available analytical software tools. The es-
timated riser response, though, with many of these tools, only
contains energy at the Strouhal frequency (the first harmonic)
while neglecting or filtering out higher harmonics that can re-
sult in fatigue damage rate underestimation by factors as large
as 30 [2]. Some recent studies have presented approaches to in-
corporate higher harmonics in fatigue damage estimation (see,
for example, Jhingran and Vandiver [3] and Modarres-Sadeghi et
al. [4]). The general idea is to estimate the ratio of the higher
harmonics to the first harmonic from the recorded riser response,
and then to use that ratio to modify the estimated fatigue damage
rate caused by the first harmonic alone.

In the present study, several empirical methods are em-
ployed to estimate VIV response and fatigue damage rates over
the entire length of a riser from riser response measured at sev-
eral discrete locations. Unlike VIV analysis software, empiri-
cal methods only require data (i.e., the measured riser response);
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neither current profile information nor physical properties of the
riser are required. Five empirical methods, referred to as WWA
(Weighted Waveform Analysis), modified WWA, POD (Proper
Orthogonal Decomposition), MPR (Modal Phase Reconstruc-
tion), and a hybrid method which combines MPR and modified
WWA, are studied. Four data sets obtained from the Norwegian
Deepwater Programme (NDP), which were obtained from tests
on a densely instrumented model riser, are employed to test and
compare the different methods. Riser response and fatigue dam-
age rates over the entire riser length are estimated using strain
measurements from a limited number of sensors. The mathemat-
ical formulation and basis for each method is briefly presented in
the following; underlying assumptions, advantages, and disad-
vantages of each method are discussed with examples. By com-
paring the estimated riser response and fatigue damage rates at
selected locations with those obtained directly from the measure-
ments, we find that all the empirical methods discussed, despite
the different underlying assumptions in each of them, may be
employed to estimate fatigue damage rates quite well from lim-
ited measurements.

THE MODEL RISER AND THE DATA SETS USED
The NDP model riser experiment was carried out by the

Norwegian Marine Technology Research Institute (Marintek)
in 2003, by horizontally towing a flexible cylinder in a water
tank [5], [6]. The cylinder is of 38 m length with a length-to-
diameter (L/D) ratio of 1,400. The model riser was tested for
uniform as well as linearly sheared current profiles. Riser re-
sponse was measured using 24 strain sensors (one sensor failed
for some test runs; hence, in some cases, only 23 strain sensors
were available) and 8 accelerometers for the CF direction; sim-
ilarly, in the IL direction, measurements from 40 strain sensors
and 8 accelerometers were available.

Among the six data sets available at the VIV data reposi-
tory [7], four of them were obtained from tests on bare risers.
Table1 summarizes current characteristics and RMS (root-mean-
square) CF displacement values normalized with respect to the
diameter,D, of the cylinder. Because of the large RMS displace-
ment values that were computed from data in these four tests,
the riser response is thought to be associated with VIV and, as
such, these four tests are well suited for this study. Note that,
in Table1, the RMS CF displacement reported is based on the
entire length of record and the largest value from all the eight
accelerometer loggers was considered.

Given CF and IL measurements at the same cross-section
of a riser, Baarholm et al. [8] computed the fatigue damage
at several points along the outer circumference, and noted that
the maximum fatigue damage for that cross-section was usually
equal to the larger of the CF fatigue damage and the IL fatigue
damage. For the four NDP data sets, estimates of fatigue dam-
age at the locations of the twenty-four CF strain sensors andthe
forty IL strain sensors are computed and illustrated in Fig.1. It
is seen that the CF fatigue damage is almost always larger than
the IL fatigue damage; this suggests that the fatigue life islargely
controlled by the CF fatigue damage. Hence, in this study, only
the CF response and fatigue damage are considered.

Table 1. The four bare riser NDP data sets.

Event Current Max. current speed Largest
no. profile (m/s) RMS CF-disp/D

2120 Uniform 1.4 0.44
2150 Uniform 1.7 0.40
2350 Sheared 0.7 0.42
2420 Sheared 1.4 0.37
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Figure 1. Measured CF and IL fatigue damage from four NDP data sets.

EMPIRICAL FATIGUE DAMAGE ESTIMATION
The densely instrumented NDP model riser (with twenty-

four strain sensors in the CF direction) allows us to test differ-
ent empirical methods by use of cross-validation where estima-
tions can be compared to measurements as follows. First, we
select any one sensor as the “target” sensor and use the remain-
ing twenty-three sensors as “input” sensors; we use the empirical
method under consideration along with measurements from the
input sensors to estimate strain time series at the locationof the
target sensor. Next, we assess the fatigue damage rate at theloca-
tion of the target sensor from the estimated strain and compare it
with the true value, which was computed directly from the strain
measured by the target sensor (but never used in estimation by
the empirical method). We iterate by selecting a different tar-
get sensor each time until all the twenty-four sensors have been
selected. These iterative steps are followed for each empirical
method. A single parameter, the Damage Ratio (DR), defined as
the ratio of the estimated fatigue damage to the true fatiguedam-
age at the target sensor, is used as an indicator of the “quality” of
the empirical method.

Fatigue damage rates are computed for various locations
along the riser using the rainflow cycle-counting algorithmand
Miner’s rule. An F-2 S-N curve is assumed as follows:

N = aS−b (1)
whereN is the number of cycles to failure at stress rangeS;
also, a = 4.266× 1011 and b = 3.0 are parameters of the F-2
S-N curve [9].

In the following, the theoretical formulation for each em-
pirical method is presented very briefly. Then, using a sheared
current data set, NDP 2350, for illustration and making use of
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strain sensor no. 4 (wherex/L = 0.11; L is the riser length) as
the target sensor, key points including advantages and disadvan-
tages of each method are highlighted. Note that in the various
numerical studies presented in the following, we have used other
target sensors as well as we demonstrate the application of the
empirical methods presented.

Weighted Waveform Analysis
Weighted Waveform Analysis (WWA) is a computational

procedure that is widely used to analyze and reconstruct there-
sponse over the entire length of a riser from measurements ata
limited number of sensors [5], [10].

Assume that the riser displacement,x, at location,z, and at
time,t, may be expressed approximately as a weighted sum ofN
assumed modes. Thus, we have:

x(z, t) =
N

∑
i=1

wi(t)ϕi(z) (2)

where it is assumed that by selectingN (not necessarily consec-
utive) modes, one can represent the riser displacement at any lo-
cation,z. Also, ϕi(z) represents theni

th mode shape of the dis-
placement, whilewi(t) represents the time-varying modal weight
to be applied to theni

th mode shape. Note that, by “mode” in the
empirical methods discussed here, we mean a deformed shape of
the riser associated with dominant energy in the PSD of the CF
strain at the loggers.

Assume that the mode shapes are represented as sinusoidal
functions:

ϕi(z) = sin
(niπz

L

)

(3)

whereL is the riser length. Then, the bending strain, which
equals the product of the riser outer radius,R, and the local cur-
vature,x′′, may be expressed as follows:

ε(z, t) = Rx′′(z, t) =
N

∑
i=1

Rwi(t)ϕ′′
i (z) (4)

whereϕ′′
i (z) =−(niπ/L)2 ϕi(z) is the curvature of theni

th mode
shape.

Given strain measurements or, equivalently, curvature mea-
surements atM logger locations,zj (where j = 1 to M), WWA
requires solution of a system of equations in matrix form:

Aw = d (5)

where theM×N matrix,A, comprises curvatures of the assumed
mode shapes at all the logger locations and the vector,d, repre-
sents riser curvatures and is formed from the measured strains
at all loggers—i.e.,A j ,i = ϕ′′

i (zj) andd j = ε j(t)/R= ε(zj , t)/R.
Equation5 is a linear system ofM equations withN weights
(wT = {w1,w2, . . .wN}) to estimated. At any instant of time,t,
as long asN ≤ M, the modal weights vector,w, may be solved
for in a least squares sense. Thus, we have:

w(t) =
(

ATA
)−1

ATd(t) (6)

In the present study, where twenty-three strain sensors are
available, we find that careful selection of the modes based on
frequencies corresponding to peaks in the CF strain power spec-
tra, generally, provides good WWA-based reconstructed strain
time series at target sensors. In our studies, twelve mode

(i.e., N = 12) was generally a good choice. The procedure for
the selection of theN modes is important and this is briefly de-
scribed next.

Given the CF strain time series,ε(zj , t), measured at each of
the twenty-three locations,zj (wherej = 1,2,3,5, . . . ,24; i.e., as-
sume that the target sensor no. 4 does not exist), its power spec-
tral density (PSD),PSDj( f ), describes the energy distribution
by frequency of the riser response at that location. As illus-
trated in Fig.2(a), the twenty-three input strain power spectra
indicate very similar frequency content; all these spectrashow
the presence of the first, third, and fifth harmonics in the re-
sponse. The summation of the PSDs for all the twenty-three
sensors, i.e.,∑ j PSDj( f ) (see Fig.2(b)) is assumed to account
for the energy distribution by frequency of the entire riserand is,
therefore, used for the WWA mode selection. First, the two high-
est peaks in Fig.2(b), which represent the first and third harmon-
ics, are selected as major modes. The associated mode numbers
are determined by comparing these peak frequencies with thees-
timated natural frequencies of the riser. Second, each Fourier
frequency is associated with estimated natural frequencies of the
riser; thus, another ten modes that have the largest (summed)
PSD values, but which are different from the two major modes,
are selected as minor modes. The two major modes as well as
the ten minor modes are indicated on the (summed) PSD plot in
Fig. 2(b); these selected twelve modes cover the first, third, and
fifth harmonics of the input signals.

Using the WWA procedure, strain time series at locations
over the entire length of the riser, including at the location of
the target sensor, may be reconstructed based on Eq.4. Fig-
ure2(c)compares the energy distribution by frequency in the re-
constructed CF strain PSD at sensor no. 4 (dashed red line) with
the CF strain PSD obtained directly from measurements (solid
blue line) at the location of the target sensor; the comparison sug-
gests that the first and higher harmonics are reasonably wellrep-
resented by application of the WWA procedure. After selection
of the assumed modes for the WWA procedure, the response over
the entire length of the riser may be reconstructed after obtain-
ing the time-varying modal weights. Figure2(d) presents RMS
curvature values at the location of the twenty-four sensorsbased
on measurements; the blue circles indicate these values at the
twenty-three input sensors, and the red cross indicates thevalue
at the target sensor. The solid line indicates the corresponding
RMS curvature estimated by the WWA procedure. The results
suggest that the reconstructed curvatures reflect the presence of
the first and higher harmonics and that these reconstructed cur-
vatures match measured values reasonably well at all the sensor
locations.

The fatigue damage ratio, representing the ratio of the es-
timated damage to that based directly on measurements, at the
target sensor (i.e., sensor no. 4), is 2.02, which suggests that the
fatigue damage is overestimated by a factor of 2 by the WWA
method. Similar results for other choices of the target sensor are
discussed in a subsequent section.

Modified Weighted Waveform Analysis
By introducing cosine terms to complement the sine terms

for each frequency component in the WWA method, a modified
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Figure 2. The WWA procedure applied with twenty-three input sensors

(sensor no. 4 is the target) for the NDP2350 (sheared current) data set:

(a) PSDs of the strains measured at the twenty-three sensors; (b) Sum-

mation of the strain PSDs and identification of the selected modes;

(c) Strain PSD at the target sensor, reconstructed vs. measured; and

(d) RMS curvatures: reconstructed vs. measured. (PSD units: (µε)2/Hz.)

WWA procedure results that can better account for the effectof
traveling waves in the riser response as well as for local curvature
changes at boundaries and other discontinuities. In lieu ofEq.2,
we now have:

x(z, t) =
N

∑
i=1

[ai(t)ϕi(z)+bi(t)ψi(z)]

ϕi(z) = sin
(niπz

L

)

;ψi(z) = cos
(niπz

L

)

(7)

where ai(t) and bi(t) are modal weights associated with as-
sumed sine and cosine mode shapes,ϕi(z) and ψi(z), respec-
tively. Strains are computed in a similar manner as with the
WWA method.

As with the WWA procedure, given curvature measure-
ments atM logger locations, a system of equations in matrix
form results (exactly as in Eq.5), but with modified terms—
i.e., A j ,2i−1 = ϕ′′

i (zj) andA j ,2i = ψ′′
i (zj). This is a linear sys-

tem of M equations with 2N weights to be estimated. At any
instant of time, t, as long as 2N ≤ M, the modal weights,
(wT = {a1,b1,a2,b2 . . .aN,bN}), may again be solved for in a
least squares sense using Eq.6. The riser response such as CF
bending strain, at any location,z, may then be reconstructed.
Though the modified WWA procedure can better describe travel-
ing waves in the riser response as well as local curvatures (than is
possible with the WWA method), the smaller number of modes
that may be assumed given the same suite of measurements rep-
resents a tradeoff.

We should note that the modified WWA procedure pre-
sented here is similar to the spatial Fourier decompositionwith
the “full reconstruction criterion” that is employed by Mukun-
dan [11], [12]; however, one key difference is that the those stud-
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Figure 3. The Modified WWA procedure applied with twenty-three in-

put sensors (sensor no. 4 is the target) for the NDP2350 (sheared cur-

rent) data set: (a) PSDs of the strains measured at the twenty-three

sensors; (b) Summation of the strain PSDs and identification of the se-

lected modes; (c) Strain PSD at the target sensor, reconstructed vs. mea-

sured; and (d) RMS curvatures: reconstructed vs. measured. (PSD units:

(µε)2/Hz.)

ies use sequentially ordered modes, while the modified WWA
method is based on selection of important physically excited (en-
ergetic) modes that are not, in general, sequential.

With the Modified WWA method, where twenty-three input
strain sensors are available (i.e.,M=23), careful selection of six
modes (i.e.,N=6) based on generally non-consecutive frequen-
cies corresponding to peaks in the CF strain power spectra pro-
vided reconstructed strain time series with reasonable accuracy.
Figure3 presents results for the Modified WWA method which
are analogous to those presented for the WWA method in Fig.2.
The PSD for CF strain at each input logger and the summation
of all these PSDs at each frequency are plotted in Figs.3(a)
and 3(b), respectively. The six modes (two major modes and
four minor modes), selected in a similar manner to the procedure
used with the WWA method, include the first, third, and fifth
harmonics of the input signals. Results summarizing the recon-
structed CF strain PSD and the reconstructed RMS curvature at
the locations of the various sensors are presented in Figs.3(c)and
3(d), respectively. The results suggest that at the target sensor,
the PSD of the reconstructed CF strain matches the correspond-
ing PSD based on actual strain measurements quite well; also,
the RMS values of the reconstructed curvatures match measured
values reasonably well at all the sensor locations.

The fatigue damage ratio, representing the ratio of the es-
timated damage to that based directly on measurements, at the
target sensor (i.e., sensor no. 4), is 1.46, which suggests that the
fatigue damage is overestimated by 46% by the Modified WWA
method. Similar results for other choices of the target sensor are
discussed in a subsequent section.
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Proper Orthogonal Decomposition
The WWA approach presented requires a priori assumed

mode shapes based on knowledge of the physical properties of
the riser; the modified WWA approach is directly related to these
modes by introducing cosine function counterparts to each sine
function. For the NDP model riser, the mass and tension force
are almost constant along its length; hence, it might be reason-
able to assume sinusoidal functions for the mode shapes as was
done with the WWA method used in this study. For real drilling
risers, the mass and the tension force often vary spatially due,
for example, to the presence of buoyancy units. In such cases,
riser mode shapes will usually deviate from simple sinusoidal
functions and can be difficult to estimate accurately. The error in
assumed mode shapes affects the accuracy of approaches suchas
the WWA method and in resulting estimations of response and
fatigue damage.

In the following, Proper Orthogonal Decomposition (POD)
is proposed as an alternative empirical procedure for riserVIV
response and fatigue analysis. With POD, empirical mode shapes
are estimated from the data alone and do not rely on assumed
mode shapes nor on knowledge of the physical properties of the
riser. POD is useful for extracting energetic spatial ”modes” or
patterns of variation of any physical phenomenon that is rep-
resented by a high-dimensional spatio-temporal stochastic field
(such as the suite of riser strain time series from multiple sensors
that we have here). The application of POD for the analysis of
riser VIV response may be found in the literature (see, for exam-
ple, Kleiven [13] or Srivilairit and Manuel [14]).

Given a suite of strain time series measured atM locations,
V(t) = {v1(t),v2(t), . . . ,vM(t)}T , one can establish aM×M co-
variance matrix,Cv, from the strain time series,V(t). By solving
an eigenvalue problem, one can diagonalizeCv so as to obtain
the matrix,Λ, as follows:

ΦTCvΦ = Λ; CvΦ = ΦΛ (8)

Solution of the eigenvalue problem yields eigenvalues,Λ =
diag{λ1,λ2, . . . ,λM} (whereλ1 > λ2 > .. . > λM) and associated
eigenvectors,Φ = {φ1,φ2, . . . ,φM}.

It is possible to rewrite the originalM correlated time se-
ries,V(t), in terms of uncorrelated scalar subprocesses,U(t) =
{u1(t),u2(t), . . . ,uM(t)}T , such that

V(t) = ΦU(t) =
M

∑
j=1

φ ju j(t) (9)

whereφ j represents thej th POD mode shape corresponding to
the j th scalar subprocess,u j(t). The energy associated withu j(t)
is described in terms of its variance,λ j . A reduced-order repre-
sentation of the strain time series,V̂(t), may be obtained by in-
cluding only the firstN POD modes and associated generalized
coordinates:

V̂(t) =
N

∑
j=1

φ ju j(t), N < M (10)

In the present study, we employ strains measured at twenty-three
locations, i.e.,M = 23. Following the procedure as outlined
above, we can thus obtain twenty-three POD mode shapes,φ j ,
and then decompose the original twenty-three strain time series

into twenty-three uncorrelated POD scalar subprocesses,u j(t),
which when scaled by the POD mode shapes reconstruct all the
measurements in space and time.

Using the first thirteen POD modes which preserve 99% of
the total field energy, the strain time series can be reconstructed
at the location of the target sensor (strain sensor no. 4). Based on
the first thirteen POD modes, the PSD for CF strain at each input
logger and the summation of all these PSDs at each frequency
are plotted in Figs.4(a)and4(b), respectively. Figure4(c)shows
that the reconstructed CF strain PSD (red dashed line) at thetar-
get sensor includes contributions from the first, third, andfifth
harmonics, and matches the PSD based on measurements(blue
solid line) reasonably well. In Fig.4(d), RMS values of CF cur-
vatures at the twenty-three input sensor locations based directly
on measurements are indicated by the blue circles; at the loca-
tion of the target sensor, the POD-based interpolation (indicated
by the blue line which also shows estimated RMS values at other
locations nearby) is very close to the RMS value (red cross) ob-
tained from the measurements. Note that, in this case, the target
sensor lies between sensor nos. 3 and 5, and strains at the target
may be interpolated quite effectively with a third-order polyno-
mial fit using strains from four nearby sensors, i.e., sensornos. 2,
3, 5, and 6. (Note that other options for interpolation usingmore
than four sensors may as well be employed; also, fits other than
with a third-order polynomial may be made—our choice relies
on the sensors in closest proximity to the target and makes use
of collocation rather than regression.) As a result, riser response
statistics, such as the RMS CF curvature, at any location within
the spread of the sensors, may be estimated by such piecewise
interpolation and employing a subset of POD modes.

The fatigue damage ratio, representing the ratio of the es-
timated damage to that based directly on measurements, at the
target sensor (i.e., sensor no. 4), is 1.05, which suggests that the
fatigue damage is overestimated by 5% when the POD method
is employed with thirteen POD modes. Similar results for other
choices of the target sensor are discussed in a subsequent section.

Modal Phase Reconstruction
As is the case with Proper Orthogonal Decomposition, the

Modal Phase Reconstruction (MPR) method has the advantage
in that mode shapes need not be assumed; they can be estimated
empirically from the data. Lucor et al. [15] employed MPR to an-
alyze riser response data from CFD simulations. Mukundan [12]
applied MPR to the NDP data sets to analyze the influence of
traveling waves on riser response. In this study, the MPR method
is employed to analyze the NDP model riser response and to esti-
mate fatigue damage at arbitrary locations along the lengthof the
riser. The general framework for the MPR procedure is briefly
presented here.

Assume that at locationzj , and at time instant,tk, the riser re-
sponse of interest (such as strain), i.e.,y(zj , tk), may be expressed
as follows:

y(zj , tk) = Re

{

N

∑
n=1

eiωntkφn(zj)

}

(11)

whereP is the number of discrete time samples available in the
record;∆t is the sampling rate;ωn = 2πn/(P∆t) is thenth circular
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Figure 4. The POD procedure applied with twenty-three input sensors

(sensor no. 4 is the target) for the NDP2350 (sheared current) data set:

(a) PSDs of the strains at the twenty-three sensors reconstructed using

the first thirteen POD modes; (b) Summation of the strain PSDs using

the first thirteen POD modes; (c) Strain PSD at the target sensor, recon-

structed using thirteen POD modes vs. measured; and (d) RMS curva-

tures: reconstructed using thirteen POD modes vs. measured. (PSD

units: (µε)2/Hz.)

frequency;tk = k∆t is thekth time sample; andN is the number
of frequency components included in the MPR procedure. Also,
Re{} represents the real part of the associated (complex) func-
tion. Note thatφn(zj) is thenth complex mode coordinate—with
real part,φn,Re(zj ), and imaginary part,φn,Im(zj)—at location,zj ,
which needs to be empirically estimated from the data.

Equation11may be written in compact form as follows:
y(zj , tk) = Re

{

∆kΦ j
}

(12)
where ∆k =

[

eiω1tk ,eiω2tk , . . . ,eiωNtk
]

, and Φ j =

[φ1(zj ),φ2(zj ), . . . ,φN(zj )]
T .

Then at location,zj , the riser response recorded at allP dis-
crete time instants may be expressed as follows:

y(zj) = Re
{

∆̂Φ j
}

(13)

wherey(zj) = [y(zj , t1),y(zj , t2), . . .y(zj , tP)]
T represents the en-

tire recorded response time series at location,zj ; and ∆̂ =

[∆1,∆2, . . . ,∆P]
T is easily defined given information only on the

length and the sampling rate of the record. In Eq.13, it is mode
shape matrix,Φ j , that needs to be estimated; the MPR method,
thus, defines this system ofP equations and 2N unknowns (since
eachφn(zj) contained inΦ j has real and imaginary parts). As
long as 2N ≤ P, this system of equations can be used to solve for
Φ j in a least squares sense.

As is the case with the POD method, the MPR method only
yields empirically estimated mode shape coordinates at those
discrete locations where the riser response is measured. Ifthe
riser response is to be estimated at a location where no sensor is
present, it is necessary to interpolate the real and imaginary parts
of theN mode shapes to the desired location and to, then, recon-
struct the response there by accounting for all theseN modes or

frequency components. Equation11, used for the reconstruction,
may be rewritten as follows:

y(zj , tk) =
N

∑
n=1

[φn,Re(zj)cos(ωntk)−φn,Im(zj)sin(ωntk)] (14)

To speed up the computation, the measured riser strains are
downsampled by a factor of 5, effectively reducing the data sam-
pling frequency from 1,200 Hz to 240 Hz, which shrinks the
number of time samples,P, in each record, to one-fifth of its
original value. Additionally, instead of decomposing the mea-
surements so as to represent all the complex modes or frequency
components (from 0 Hz to the Nyquist frequency,N = P/2), the
number of modes,N, is selected such that the frequency band
from ω1 to ωN preserves 99% of the total energy (defined as the
sum of the variance of the strains at all the loggers). Figure5(a)
shows CF PSDs for all the input sensors (except sensor no. 4)
that cover the frequency band andN frequency components in-
cluded in the MPR procedure. In Fig.5(b), the sum of PSDs
of the twenty-three input CF strains (excluding the strain at the
target sensor, i.e., logger no. 4) is represented by the blueline;
the selected frequency band that preserves 99% of the total en-
ergy is indicated by the red dots. By decomposing the riser strain
measurements into modes only over the 99%-energy frequency
band, the number of frequency components,N, is reduced to one-
seventh of its original value. This greatly reduces the number of
coefficients to be determined in the MPR linear system solution
and, hence, dramatically saves computational time. Figure5(c)
shows that the energy distribution by frequency of the recon-
structed CF strains at the target sensor (red dashed line) matches
that based on the measured strains there (blue solid line) rea-
sonably well over the 99%-energy frequency band. In Fig.5(d),
RMS values of CF curvatures at the twenty-three input sensorlo-
cations based directly on measurements are indicated by theblue
circles; at the location of the target sensor, the MPR-basedinter-
polation (indicated by the blue line which also shows estimated
RMS values at other locations nearby) is very close to the RMS
value (red cross) obtained from the measurements. The strains
at the target sensor (no. 4) are interpolated quite effectively with
a third-order polynomial fit using strains from four nearby sen-
sors, i.e., sensor nos. 2, 3, 5, and 6 (again, other fits are also
possible). As is the case with the POD procedure, riser response
statistics, such as the RMS CF curvature, at any location within
the spread of the sensors, may be estimated by such piece-wise
interpolation following application of the MPR procedure.

The fatigue damage ratio, representing the ratio of the es-
timated damage to that based directly on measurements, at the
target sensor (i.e., sensor no. 4), is 1.55, which suggests that the
fatigue damage is overestimated by 55% when the MPR method
is employed with the selected frequency components. Similar
results for other choices of the target sensor are discussedin a
subsequent section.

Hybrid Method: MPR + Modified WWA
By studying Eq.14, it may be noted that the MPR method

decomposes the measured riser response intoN components and,
importantly, each component is a single-frequency time series.
This suggests that the each single-frequency component maybe
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Figure 5. The MPR procedure applied with twenty-three input sensors

(sensor no. 4 is the target) for the NDP2350 (sheared current) data set:

(a) PSDs of the strains at the twenty-three sensors reconstructed using

modes in a frequency band that preserves 99% of the energy; (b) Summa-

tion of the strain PSDs using modes that preserve 99% energy; (c) Strain

PSD at the target sensor, reconstructed (using modes that preserve 99%

energy) vs. measured; and (d) RMS curvatures: reconstructed (using

modes that preserve 99% energy) vs. measured. (PSD units: (µε)2/Hz.)

decomposed further by using the previously discussed modified
WWA method. We will refer to this approach as the ”hybrid”
method since it combines the MPR and the modified WWA meth-
ods. The hybrid method has two advantages when compared with
either the MPR or the modified WWA methods. First, unlike the
MPR method, the hybrid method does not require interpolation
from discrete complex modes to estimate or reconstruct the re-
sponse at any arbitrary location; it has the ability to reconstruct
the riser response over the entire length of the riser (as a con-
tinuous function) despite starting from only a discrete number
of measurements. Second, the modified WWA method seeks to
represent several frequency components of a wide-band (multi-
frequency) response time series with the help of measurements
from available sensors; on the other hand, the hybrid method
seeks to decompose each MPR mode for a single frequency de-
fined at the same sensors.

Application of the hybrid method procedure is presented be-
low. First, the MPR approach is followed and the various input
strains are represented as in Eq.14. Then, at the location of each
input sensor,zj , the real part of thenth MPR mode,φn,Re(zj), may
be decomposed using the modified WWA procedure as follows:

φn,Re(zj ) =
s

∑
k=1

[akϕk(zj)+bkψk(zj)] (15)

whereϕk(zj) andψk(zj) are defined in exactly the same man-
ner as in Eq.7. The real part of thenth MPR mode at loca-
tions of all M sensors may be expressed in matrix form (as in
Eq. 5), i.e., Aw = d, whereA j ,2i−1 = ϕi(zj ) andA j ,2i = ψi(zj ),
and d j = φn,Re(zj). As long as 2s ≤ M, the modal weights,
(wT = {a1,b1,a2,b2 . . .as,bs}), may be estimated in a least-
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Figure 6. The hybrid (MPR + Modified WWA) procedure applied with

twenty-three input sensors (sensor no. 4 is the target) for the NDP2350

(sheared current) data set: (a) PSDs of the strains at the twenty-three

sensors reconstructed using modes in a frequency band that preserves

99% of the energy; (b) Summation of the strain PSDs using modes that

preserve 99% energy; (c) Strain PSD at the target sensor, reconstructed

(using modes that preserve 99% energy) versus measured; and (d) RMS

curvatures: reconstructed (using modes that preserve 99% energy) vs.

measured. (PSD units: (µε)2/Hz.)

squares sense, and a spatially continuous function,φn,Re(z), can
be derived. Note that exactly the same procedure may be re-
peated to decompose the imaginary part of thenth MPR mode,
i.e., for φn,Im. By iterating this procedure for all the real and
imaginary MPR modes, the riser response over the entire riser
can be reconstructed as a continuous function by this hybrid
method. In the present study, whereM = 23, we uses equal
to 6; the modes in the WWA portion of the hybrid method are
selected to correspond to frequencies closest to the MPR mode
that is being reconstructed according to Eq.15.

An example using the hybrid method with strain sensor no.
4 as the target sensor is presented in Fig.6, which may be com-
pared directly with Fig.5 based on the MPR procedure.

The fatigue damage ratio, representing the ratio of the es-
timated damage to that based directly on measurements, at the
target sensor (i.e., sensor no. 4), is 1.71, which suggests that
the fatigue damage is overestimated by 71% when the hybrid
(MPR-Modified WWA) method is employed with the selected
frequency components. Similar results for other choices ofthe
target sensor are discussed in a subsequent section.

FATIGUE DAMAGE ESTIMATION BASED ON A LARGE
NUMBER OF SENSORS

The CF strains on the NDP model riser were measured using
twenty-four strain sensors (only twenty-three sensors were avail-
able for the data set, NDP 2420, since strain sensor no. 21 had
failed). In the results described here, we select one sensorat a
time as the target sensor, and use measurements from the remain-
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ing twenty-three (or twenty-two) sensors to reconstruct strains at
the location of the target sensor by employing the various em-
pirical methods described above. We presented such analyses
for each empirical method applied with sensor no. 4 as the tar-
get sensor. The damage ratio, which represents the ratio of the
fatigue damage rate based on the reconstructed strain (at the tar-
get sensor) to that based directly on the measured strain there, is
used as a criterion to compare the empirical methods. Figure7
presents damage ratios estimated at the twenty-four locations for
the two uniform current data sets (red color) and the two sheared
current data sets (blue color), by employing each of the five em-
pirical methods. The lowest and the highest values of the damage
ratios estimated for each data set, and for each empirical method,
are also indicated in the figure legends—for example, Fig.7(a)
states that the twenty-four damage ratios estimated by the WWA
method for the uniform current data set, NDP 2120, ranged from
0.47 to 3.31.

Some general conclusions, that may be drawn by studying
Fig. 7, are summarized here.
(i) With the WWA method, a large number of modes can be in-
terpreted from a suite of measurements. The modified WWA
method can better account for the effects of traveling wavesand
localized curvature changes but fewer modes can be interpreted
or used in reconstruction of strains at any target location.As a
consequence, in the present study where a large number of sen-
sors (twenty-three) are available, fatigue damage rates estimated
over the entire riser length by the WWA and the modified WWA
methods are generally of comparable accuracy (see Figs.7(a)
and7(b)).
(ii) Fatigue damage rates estimated by the POD and MPR meth-
ods are quite similar since both methods are affected by the qual-
ity of the unavoidable interpolation—it may be noted that the
presence of a sensor close to the target location leads to good
estimation of damage; however, when a nearby sensor is not
present, as is case for sensor no. 9 indicated by the red ellipses
in Figs.7(c)and7(d), damage estimates are less accurate.
(iii) The fatigue damage rates for the two uniform current data
sets estimated either by the POD or the MPR methods are less ac-
curate than those estimated by the WWA or the modified WWA
methods; one likely reason for this is due to the strong non-
stationary response characteristics indicated particularly in the
two uniform current data sets (see Shi et al. [16]) that more di-
rectly affect the accuracy of the POD and the MPR methods.
With the WWA and the modified WWA methods, the modal
weights are solved for at each time instant (see Eq.6); the POD
and the MPR methods, on the other hand, assume that the riser
response is described by a stationary process and decomposi-
tion of the measured response is based on the entire record (see
Eqs.8 and13). To reduce the influence of the non-stationarity of
the measured response on fatigue damage estimations, one pos-
sible approach is to divide the recorded response time series into
shorter segments and then to employ the POD or MPR methods
on shorter segments.
(iv) Generally, when a large number of sensors available, asis
the case with the NDP model riser, all the five empirical methods
estimate fatigue damage rates over the entire riser length quite
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Figure 7. Fatigue damage ratios estimated by different empirical meth-

ods at all location along the NDP model riser, using twenty-three stains as

inputs: (a) WWA; (b) Modified WWA; (c) POD; (d) MPR; (e) Hybrid: MPR

+ Modified WWA.

well: damage ratios are typically in the range from 0.3 to 3.0,
with lowest and highest estimations of 0.17 and 12.90, respec-
tively. Among the five methods, the hybrid method (Fig.7(e))
which combines the MPR and the modified WWA procedures, is
the most accurate for fatigue damage estimation.
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FATIGUE DAMAGE ESTIMATION BASED ON A SMALL
NUMBER OF SENSORS

We have discussed estimation of fatigue damage rates over
the entire length of the NDP model riser based on measurements
from a large number of sensors. However, actual deepwater
drilling risers are seldom instrumented as densely as the NDP
model riser, due to the high cost of sensor deployment, main-
tenance, data retrieval, etc. Accordingly, we now discuss esti-
mation of fatigue damage rates over the riser length based on
measurements from a much smaller number of sensors than be-
fore. Using strain measurements from eight sensors as inputs,
the riser response is reconstructed at the locations of all of the
twenty-four sensors (including the eight input sensors). By iter-
ating over numerous different combinations of eight strainsen-
sors as inputs (from among all the twenty-four available sensors
on the riser), optimal locations for the eight sensors alongthe
riser are identified by cross-validation, whereby estimated strains
and fatigue damage rates at the twenty-four locations are com-
pared with strains and fatigue damage rates based on the actual
recorded measurements there.

In principle, we could select all the possible combinations
of eight sensors chosen from twenty-four available; however,
this results in an exceedingly large number of combinationsto
be evaluated. We choose to evaluate only thirty-four arrange-
ments or combinations of eight sensors. Figure8 shows the lo-
cations of the eight sensors for the thirty-four selected combina-
tions. The first group (identified as G1) comprises sixteen com-
binations, each of which includes eight contiguous sensors; the
second group (G2) has six combinations wherein six sensors are
located near the top end (i.e., the higher current end in the case
of the sheared current data sets) and the remaining two sensors
are near the middle, at a location around one-fourth of the riser’s
length from the bottom (low current) end, or at the bottom end.
Note that a malfunctioning strain sensor (no. 21) is not selected
as an input sensor in these studies.

Not all of the five empirical methods discussed earlier are
employed in our study that uses eight strain sensors to estimate
damage; there are reasons for this. First, for the modified WWA
method, only two or three modes could be represented if eight
sensors are available; this would it make it difficult to account
for all the important frequencies (the first and higher harmonics)
of the riser responses. Second, for the POD and MPR meth-
ods, the accuracy of the interpolation (from information atthe
discrete locations of the input sensors to all other locations) con-
trols the accuracy of the reconstructed riser response at target
locations without sensors. If the target location has no available
loggers nearby or if it is spatially outside the range of the suite
of input sensors, the reconstructed riser response will be inaccu-
rate. Given these limitations, the modified WWA, POD and MPR
methods are not employed in this study with eight input sensors;
only the WWA and the hybrid methods are employed to estimate
fatigue damage rates at the twenty-four locations along theNDP
model risers using measurements from eight sensors.

Fatigue damage ratios estimated by the WWA method based
on eight sensors in each of the thirty-four combinations areil-
lustrated by box plots in Figs.9(a) and9(b) which summarize
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Figure 8. Thirty-four combinations of eight input strain sensors chosen

for fatigue damage analysis studies using cross-validation against mea-

surements.

results for the two uniform current data sets and the two sheared
current data sets, respectively. Each vertical bar representing one
of the thirty-four eight-sensors combinations describes results for
a single data set; indicated are the minimum, 25th percentile, 75th

percentile, and maximum of the twenty-four damage ratios. A
shorter bar indicates low variability or greater precisionin the
estimation of the damage ratios; vertically, the closer thebar is
to unity, the more accurate is the estimation. Preferred combi-
nations that ensure precise and accurate estimation of the fatigue
damage rate for all the four data sets are indicated by green ar-
rows. When employing the WWA method, the use of eight sen-
sors distributed over a greater portion of the riser, e.g., placing
four sensors near one end and four sensors near the other end,
such as in combinations nos. 25 or 33, generally results in more
accurate and precise fatigue damage estimation than does the use
of eight clustered sensors such as in combination nos. 1 to 16.

Fatigue damage ratios estimated by the hybrid method based
on eight sensors (using four modes) in each of the thirty-four
combinations are illustrated by box plots in Figs.10(a)and10(b)
which summarize results for the two uniform current data sets
and the two sheared current data sets, respectively. Directcom-
parison with the results based on the WWA method (see Fig.9)
suggest that among the thirty-four combinations, those that were
identified as more precise and accurate based on results with
the WWA method were also found to be so with the hybrid
method. For all the thirty-four combinations, the hybrid method
was found to generally provide more accurate and precise esti-
mations of the fatigue damage rates than the WWA method.

SENSOR LOCATION AND SPATIAL ALIASING
Efficient sensor location and possible spatial aliasing er-

rors for risers are conveniently studied by examining the
N × N orthogonality matrix, R, defined in terms ofN
modes of interest [6]—i.e., Ri, j = ϕT

i ϕ j (i, j = 1. . .N) where,
for example, if sinusoidal mode shapes are assumed,ϕi =
[sin(niπz1/L),sin(niπz2/L), . . .sin(niπzM/L)] when M loggers
are employed on a riser of length,L. For an array of sensors
that avoids aliasing errors, off-diagonal terms ofR are relatively
small (the diagonal terms are less important but are generally
close to unity). Figure11(a)shows off-diagonal terms of the or-
thogonality matrix computed for the twelve modes used with the
WWA method with twenty-three sensors (sensor no. 4 is the tar-
get) for the sheared current data set, NDP2350. Figure11(b) is
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Figure 9. Fatigue damage ratios estimated by the WWA method from

measurements based on thirty-four combinations involving eight strain

sensors: (a) Two uniform current data sets; (b) Two sheared current data

sets.
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Figure 10. Fatigue damage ratios estimated by the hybrid method based

on thirty-four combinations involving eight strain sensors: (a) Two uniform

current data sets; (b) Two sheared current data sets.

a similar plot where eight sensors (associated with combination
no. 33) are used and only four modes were employed with the
WWA methods. The relatively low values of the absolute val-
ues of the off-diagonal elements ofR in the figures confirms that
spatial aliasing is not of great concern in the choice of sensor
locations in the WWA and modified WWA method results pre-
sented. Note that the orthogonality matrix,R, for the modified
WWA method can be constructed in a similar manner as for the
WWA method.

Spatial distribution of the loggers may also, in general, beof
concern when the MPR and POD methods are employed. This
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Figure 11. Absolute values of off-diagonal elements of orthogonality

matrices, R, computed with assumed sinusoidal mode shapes for the

sheared current (NDP2350) data set: (a) Twenty-three sensors and

twelve WWA modes used (sensor no. 4 is the target); and (b) Eight sen-

sors and four WWA modes (combination no. 33).

is not so much a spatial aliasing issue; rather, these two meth-
ods rely on interpolation from discrete sensor locations (from
relevant POD or MPR modes) to any target location while re-
constructing strains there. If the target logger is spaced very far
from the closest sensors used in the interpolation, reconstructed
strains can be quite inaccurate. Even if higher modes are well
represented in the POD or MPR modes derived, because these
modes are discrete, poor interpolation might lead to spurious un-
derstanding of the higher harmonics at the target location since
these are associated with smaller wave lengths, which will ac-
centuate problems due to interpolation when sensor distribution
is not dense.

DISCUSSION AND CONCLUSIONS
In this study, four data sets comprising strains measured

on the NDP model riser subjected to uniform and sheared cur-
rents were employed to test empirical fatigue damage estimation
methods. Five empirical methods were studied—they include
Weighted Waveform Analysis (WWA), Modified WWA, Proper
Orthogonal Decomposition (POD), Modal Phase Decomposition
(MPR), and a hybrid method that combines MPR and modified
WWA. For each method, the theoretical formulation was first
presented briefly and then its application was illustrated by an
example wherein a single sensor was selected as the target sen-
sor and by using measurements from the remaining twenty-three
sensors as inputs, the riser response was reconstructed at the lo-
cation of the target sensor. The fatigue damage rate estimated us-
ing the reconstructed riser response was compared with the value
based directly on the measurements at that target. The ratiobe-
tween the estimated fatigue damage and that based on measure-
ments there was used as an indicator of the accuracy of the em-
pirical method. Two separate summary studies—one involving
a larger number of available sensors on the riser (twenty-three)
and another involving a small number (eight)—were carried out
and estimated fatigue damage rates over the entire length ofthe
NDP model riser were computed and the results discussed.

Based on the numerical studies presented, some concluding
remarks follow: (i) With careful selection of the riser modes for
inclusion, the WWA method has the ability to preserve higher
harmonics in the reconstructed riser response since the selected
modes in the method are non-sequential. Because the modal

10



weights are solved for at each time instant, non-stationarychar-
acteristics, if present, have limited influence on responserecon-
struction with this method. The WWA method works particularly
well if only a small number of sensors is available and relieson
assumed mode shapes that are based on knowledge of the phys-
ical properties of the riser. Computation with the WWA method
is fast.
(ii) The modified WWA method can account for the influence of
higher harmonics as long as a large number of sensors is avail-
able. This method is more versatile in accounting for the effect of
traveling waves than the WWA method. Like the WWA method,
it also accounts for non-stationary characteristics, but it is not
well-suited for cases where only a small number of sensors is
available since a greater number of modal weights need to be es-
timated than with WWA. The modified WWA method relies on
assumed mode shapes and computation is fast.
(iii) The POD method preserves frequency components and
higher harmonics in the reconstructed riser response by empir-
ical decomposition of the spatio-temporal data. This is evident
from the power spectra as well as curvature plots that revealhigh-
frequency energy and large curvatures (or small wavelengths),
respectively. POD only relies on data; the method identifies
empirical mode shapes directly from data, without the need for
physical properties of the riser. The POD scheme is the fastest
among the five methods; however, POD does not account for
non-stationary response characteristics. The method is not well-
suited when only a small number of sensors is available because
of inaccuracies in the reconstructed response that arise due to the
need for interpolation or extrapolation.
(iv) As is the case for the POD method, the MPR method ac-
counts for higher harmonics in the response and only relies on
data, not on physical properties of the riser to estimate com-
plex riser modes. MPR, however, is not well-suited to situations
where the riser response exhibits strong non-stationary charac-
teristics or when only a small number of sensors is available.
Computation with the MPR method is slow. Importantly, MPR
explicitly accounts for traveling waves in decomposing themea-
sured response.
(v) The hybrid method (which combines the MPR and modified
WWA methods) has the ability to account for higher harmonics
and the effect of traveling waves; it also works quite well even if
only a small number of sensors is available. The hybrid method
does not explicitly take into consideration non-stationary charac-
teristics, but reconstruction even with fairly strong non-stationary
response is superior to that with the POD and MPR methods. The
hybrid method needs to assume modes in the second step of es-
timating modal weights for the complex MPR modes. Although
the hybrid method is the slowest due to the greater computational
effort relative to the other methods, it is the most accurateboth
for a large as well as a small number of input sensors.

There are some limitations of this study that we would like
to address at this point. First, our results are based on onlyfour
data sets from a model riser. We also do not directly discuss un-
certainty or confidence bounds on fatigue damage estimates from
each empirical method. Second, we have not directly addressed
issues related to what constitutes an adequate sample in terms of

length of the measured signal and sampling rate when employing
each empirical method for reconstruction of strain and fatigue
damage estimation. Third, we have only addressed the use of
strain measurements in fatigue damage estimation; acceleration
measurements or a combination of strain and acceleration mea-
surements may also be employed to estimate fatigue damage. We
have, for example, employed acceleration measurements with the
WWA method but those results are not presented here.

In closing, we have shown that the various empirical meth-
ods presented can all be used to estimate fatigue damage rates
for a riser given response measurements obtained from a limited
number of sensors. After “short-term” fatigue damage distribu-
tions conditional on specific current profiles are obtained using
such empirical methods, it is possible next to estimate the “long-
term” fatigue life of risers by integrating the short-term fatigue
damage distributions with the likelihood of different current pro-
files. This is the focus of ongoing work that is investigatingthe
use of field measurements on deepwater drilling risers to com-
plement analytical tools to estimate fatigue damage and lifetime
of risers.
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